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Introduction 


This book is intended for the Mathematical Olympiad students who wish to pre- 
pare for the study of inequalities, a topic now of frequent use at various levels 
of mathematical competitions. In this volume we present both classic inequalities 
and the more useful inequalities for confronting and solving optimization prob- 
lems. An important part of this book deals with geometric inequalities and this 
fact makes a big difference with respect to most of the books that deal with this 
topic in the mathematical olympiad. 


The book has been organized in four chapters which have each of them a 
different character. Chapter 1 is dedicated to present basic inequalities. Most of 
them are numerical inequalities generally lacking any geometric meaning. How- 
ever, where it is possible to provide a geometric interpretation, we include it as 
we go along. We emphasize the importance of some of these inequalities, such as 
the inequality between the arithmetic mean and the geometric mean, the Cauchy- 
Schwarz inequality, the rearrangement inequality, the Jensen inequality, the Muir- 
head theorem, among others. For all these, besides giving the proof, we present 
several examples that show how to use them in mathematical olympiad prob- 
lems. We also emphasize how the substitution strategy is used to deduce several 
inequalities. 

The main topic in Chapter 2 is the use of geometric inequalities. There we ap- 
ply basic numerical inequalities, as described in Chapter 1, to geometric problems 
to provide examples of how they are used. We also work out inequalities which 
have a strong geometric content, starting with basic facts, such as the triangle 
inequality and the Euler inequality. We introduce examples where the symmetri- 
cal properties of the variables help to solve some problems. Among these, we pay 
special attention to the Ravi transformation and the correspondence between an 
inequality in terms of the side lengths of a triangle a, b, c and the inequalities 
that correspond to the terms s, r and R, the semiperimeter, the inradius and the 
circumradius of a triangle, respectively. We also include several classic geometric 
problems, indicating the methods used to solve them. 

In Chapter 3 we present one hundred and twenty inequality problems that 
have appeared in recent events, covering all levels, from the national and up to 
the regional and international olympiad competitions. 
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In Chapter 4 we provide solutions to each of the two hundred and ten exer- 
cises in Chapters 1 and 2, and to the problems presented in Chapter 3. Most of 
the solutions to exercises or problems that have appeared in international math- 
ematical competitions were taken from the official solutions provided at the time 
of the competitions. This is why we do not give individual credits for them. 

Some of the exercises and problems concerning inequalities can be solved us- 
ing different techniques, therefore you will find some exercises repeated in different 
sections. This indicates that the technique outlined in the corresponding section 
can be used as a tool for solving the particular exercise. 

The material presented in this book has been accumulated over the last fit 
teen years mainly during work sessions with the students that won the national 
contest of the Mexican Mathematical Olympiad. These students were develop- 
ing their skills and mathematical knowledge in preparation for the international 
competitions in which Mexico participates. 

We would like to thank Rafael Martinez Enriquez, Leonardo Ignacio Martinez 
Sandoval, David Mireles Morales, Jesis Rodriguez Viorato and Pablo Soberén 
Bravo for their careful revision of the text and helpful comments for the improve- 
ment of the writing and the mathematical content. 
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Chapter 1 


Numerical Inequalities 


1.1 Order in the real numbers 


A very important property of the real numbers is that they have an order. The 
order of the real numbers enables us to compare two numbers and to decide which 
one of them is greater or whether they are equal. Let us assume that the real 
numbers system contains a set P, which we will call the set of positive numbers, 
and we will express in symbols x > 0 if x belongs to P. We will also assume the 
following three properties. 


Property 1.1.1. Every real number x has one and only one of the following prop- 
erties: 

(i) «=0, 

(ii) « € P (that is, x > 0), 

(iii) —x € P (that is, —x > 0). 
Property 1.1.2. If, y © P, then x+y € P (in symbols x > 0, y >0>a+y > 0). 
Property 1.1.3. If x, ye P, then xy € P (in symbols x > 0, y>0=> xy > 0). 


If we take the “real line” as the geometric representation of the real numbers, 
by this we mean a directed line where the number “O” has been located and serves 
to divide the real line into two parts, the positive numbers being on the side 
containing the number one “1”. In general the number one is set on the right hand 
side of 0. The number 1 is positive, because if it were negative, since it has the 
property that 1-« =x for every x, we would have that any number x 4 0 would 
satisfy x € P and —z € P, which contradicts property 1.1.1. 


Now we can define the relation a is greater than b if a — b € P (in symbols 
a > 6). Similarly, a is smaller than b if b— a € P (in symbols a < b). Observe that 
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a < bis equivalent to b > a. We can also define that a is smaller than or equal to 
bifa<bora=b (using symbols a < 6). 

We will denote by R the set of real numbers and by Rt the set P of positive 
real numbers. 


Example 1.1.4. (i) Ifa <b and c is any number, thena+c<b+e. 
(ii) Ifa <b andc> 0, then ac < be. 


In fact, to prove (i) we see that a+c< b+c# (b+c)-(a+ce) >06 
b—a>0<a< b. To prove (ii), we proceed as follows: a < b > b—a> 0 and 
since c > 0, then (b — a)c > 0, therefore bc — ac > 0 and then ac < be. 


Exercise 1.1. Given two numbers a and 0, exactly one of the following assertions 
is satisfied, a=b,a>bora<b. 


Exercise 1.2. Prove the following assertions. 
(i) a<0,6<0Sab>0. 
(ii) a<0,b6>0Sab<0. 
(iii) a<bb<cSa<c. 
(iv) a<b,c<dsS>a+c<b+d. 
) 


(v) a<b=>-b< —-a. 
(vi) a>04~>0. 

(vii) a<0+~ <0. 
(viii) a>0,b>0>7>0. 
(ix 


(x 


(Ga) Oa a a 


)0<a<b0<c<dsac< bd. 
) theo. 
Exercise 1.3. (i) If a>0, b> 0 and a? < b?, then a < b. 
(ii) If b> 0, we have that ¢ > 1 if and only if a > b. 
The absolute value of a real number x, which is denoted by |z]|, is defined as 


x if «>0, 
|z| = 
—ax ifa<0. 


Geometrically, |x| is the distance of the number « (on the real line) from the origin 
0. Also, |a — 6| is the distance between the real numbers a and 6 on the real line. 
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Exercise 1.4. For any real numbers z, a and 8, the following hold. 


(i) |z| > 0, and is equal to zero only when x = 0. 


Proposition 1.1.5 (Triangle inequality). The triangle inequality states that for any 
pair of real numbers a and b, 


Ja + b| < Ja] + [6]. 
Moreover, the equality holds if and only if ab > 0. 


Proof. Both sides of the inequality are positive; then using Exercise 1.3 it is suffi- 
cient to verify that Ja + b|? < (al + |b])7: 


la + bl? = (a+b)? = a? + 2ab +b? = |al? + 2ab +4 |d|? < |a|? + 2 Jad] + |b]? 
= al? + 2 Jal |b] + |b]? = (la| + (0). 


In the previous relations we observe only one inequality, which is obvious since 
ab < |ab|. Note that, when ab > 0, we can deduce that ab = |ab| = |a| |b], and then 
the equality holds. 


The general form of the triangle inequality for real numbers 21, £2,...,2n, 
is 
[vy + 22 +--+ + 2n| < [zi] + [x2] +--+ + [2nl- 
The equality holds when all x;’s have the same sign. This can be proved in a similar 
way or by the use of induction. Another version of the last inequality, which is 
used very often, is the following: 


lta, tagt---+a4,| < |ai|+|ve]+---+|rn|. 


Exercise 1.5. Let x, y, a, b be real numbers, prove that 
(i) |x| <be —b<a<b, 

(it) [lal — [Ol] < Ja — 0), 

(iii) 2? + 2y + y? > 0, 

(iv) c>0,y>0S 27-a2y+y" > 0. 


Exercise 1.6. For real numbers a, b, c, prove that 


la] + |b] + |e] — Ja +b] — |b +e] —|c +a] + |a+d4+ce]>0. 
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Exercise 1.7. Let a, 6 be real numbers such that 0 <a <b< 1. Prove that 


(i) O< 
(ii) O< 
(iii) 0 < ab? — ba? < Zz 


Exercise 1.8. Prove that if n, m are positive integers, then 2 < /2 if and only if 
J2 < m+2n 


m+n 


Exercise 1.9. If a> 6b, x > y, then ax + by > ay + ba. 


° 2 2 
Exercise 1.10. If x, y > 0, then \/7- + 1/4 2 Va+ v¥. 


Exercise 1.11. (Czech and Slovak Republics, 2004) Let a, b, c, d be real numbers 
with a+d=b-+c, prove that 


(a — b)(c— d) + (a—c)(b—d) + (d—a)(b—c) > 0. 


Exercise 1.12. Let f(a,b,c,d) = (a — b)? + (b—c)? + (c — d)? + (d — a)”. For 
a<b<c<d, prove that 


f(a,c, 6, d) > f (a, 6, ¢, d) > F(@,.b,.d,e), 


Exercise 1.13. (IMO, 1960) For which real values of x the following inequality 
holds: 
Ax? 


(Lol 2a) 


Exercise 1.14. Prove that for any positive integer n, the fractional part of V4n? +n 


is smaller than ; 


Exercise 1.15. (Short list IMO, 1996) Let a, b, c be positive real numbers such 
that abc = 1. Prove that 


<2r+9? 


ab as be e ca 4 
a+b>+ab FF 4+0+be &+a°+ca~ 


1.2 The quadratic function ax? + 2bx + ¢ 


One very useful inequality for the real numbers is x? > 0, which is valid for any 
real number (it is sufficient to consider properties 1.1.1, 1.1.3 and Exercise 1.2 
of the previous section). The use of this inequality leads to deducing many other 
inequalities. In particular, we can use it to find the maximum or minimum of a 
quadratic function ax? + 2bx + c. These quadratic functions appear frequently in 
optimization problems or in inequalities. 


1.2 The quadratic function ax? + 2bxr + ¢ ) 


One common example consists in proving that if a > 0, the quadratic function 
2 
ax? + 2br +c will have its minimum at x = 4 and the minimum value is c — oe 


In fact, 


6 ss b b? b? 
ax” +2ba+c=ala ee ee +e-— 
a a 


Since (a + ye > 0 and the minimum value of this expression, zero, is attained 
when ¢ = -2, we conclude that the minimum value of the quadratic function is 


aa 
= 

If a < 0, the quadratic function az? +2ba+c will have a maximum at 7 = —4 

and its value at this point is c— as In fact, since ax?+2brt+c=a (a + =) +c— us 


and since a (x + aye < 0 (because a < 0), the greatest value of this last expression 
is zero, thus the quadratic function is always less than or equal to c — oe and 


assumes this value at the point x = -2, 


Example 1.2.1. If x, y are positive numbers with x + y = 2a, then the product xy 


is maximal when x = y= a. 
If r+ y = 2a, then y = 2a — x. Hence, ry = 2(2a — x) = —2? + 2ax = 
—(x — a)? +a? has a maximum value when x = a, and then y = «=a. 


This can be interpreted geometrically as “of all the rectangles with fixed 
perimeter, the one with the greatest area is the square”. In fact, if x, y are the 
lengths of the sides of the rectangle, the perimeter is 2(a + y) = 4a, and its area 
is xy, which is maximized when « = y = a. 


Example 1.2.2. If x, y are positive numbers with cy = 1, the sum a+y is minimal 
when x =y=1. 
2 
If zy = 1, then y = 1. It follows that «x+y = z+ = (Ve- 5) + 2, 
and pays + y is minimal when /z — Fw = 0, that is, when x = 1. Therefore, 
r=y=l1. 


This can also be interpreted geometrically in the following way, “of all the 
rectangles with area 1, the square has the smallest perimeter”. In fact, if x, y are 
the lengths of the sides of the rectangle, its area is xy = 1 and its perimeter is 

2 
Aae+y)=2(e@++4)=2 { (ve- s+) 4 a > 4. Moreover, the perimeter is 4 if 


and only if /z — a = 0, that is, when x = y = 1. 


Example 1.2.3. For any positive number x, we have x + 4 es 
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2 
Observe that «+ 4+ = (vz - ss) +2 > 2. Moreover, the equality holds if 
and only if / — 7 = 0, that is, when x = 1. 


Example 1.2.4. Ifa, b > 0, then $+ B > 2, and the equality holds if and only if 
a=b. 


It is enough to consider the previous example with « = ¢. 


Example 1.2.5. Given a, b, c > 0, it is possible to construct a triangle with sides 
of length a, b, ¢ if and only if pa? + qb? > pqc? for any p, q with p+q=1. 


Remember that a, b and c are the lengths of the sides of a triangle if and 
only ifa+b>c,a+c>bandb+c>a. 
Let 


Q = pa? + qb” — pqce? = pa? + (1 — p)b? — p(1—p)c? = c?p? + (a — 0? —c?)p +b’, 


therefore Q is a quadratic function! in p and 


Q>0 <¢ d= |(a? — 0? — 02)? — 40°e?| <0 

= [a? — b? — c* — be] [a? — b? — c* + 2be] <0 
la? — (b+c)’] [a? —(b-c)?] <0 
a+b+4+c[a—b—cla—b+cl[a+b-—cd <0 
b+c—al[eta—bla+b—cd>0. 


tt? 


Now, [b+ c—a][c+a—}][a+b-—c] > 0 if the three factors are positive or if one of 
them is positive and the other two are negative. However, the latter is impossible, 
because if [b + c— a] < 0 and [c + a — }] < 0, we would have, adding these two 
inequalities, that c < 0, which is false. Therefore the three factors are necessarily 
positive. 


Exercise 1.16. Suppose the polynomial ax? + bx + ¢ satisfies the following: a > 0, 
atb+ce>0,a—b+c>0,a—c>0 and b? — 4ac > 0. Prove that the roots are 
real and that they belong to the interval —1 <a <1. 


Exercise 1.17. If a, b, c are positive numbers, prove that it is not possible for the 
inequalities a(1 — 6) > +, b(1 —c) > 4, c(1—a) > + to hold at the same time. 

1A quadratic function ax? + bx +c with a > 0 is positive when its discriminant A = b? — 4ac 
is negative, in fact, this follows from ax? + br +c = a(x 4 ) + dete, Remember that the 


—b+./p2— 
roots are a and they are real when A > 0, otherwise they are not real roots, and 


then ax? + bx +c will have the same sign; this expression will be positive if a > 0. 
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1.3 A fundamental inequality, 
arithmetic mean-geometric mean 
The first inequality that we consider, fundamental in optimization problems, is 


the inequality between the arithmetic mean and the geometric mean of two non- 
negative numbers a and b, which is expressed as 


= 7 Slee, (AM-GM). 


Moreover, the equality holds if and only if a = b. 

The numbers ath and Vab are known as the arithmetic mean and the ge- 
ometric mean of a and b, respectively. To prove the inequality we only need to 
observe that 


a ge 5 (va- vb)" > 


And the equality holds if and only if /a = Vb, that is, when a = b. 
Exercise 1.18. For x > 0, prove that 1+ > 2,/a. 


Exercise 1.19. For x > 0, prove that x + 4 id. 
Exercise 1.20. For x, y € R™, prove that x? + y? > 2zry. 
Exercise 1.21. For x, y € R*, prove that 2(a? + y”) > (a+ y)?. 


Exercise 1.22. For x, y € R*, prove that ++ 7 > a 


Exercise 1.23. For a, b, « € R*, prove that ax + 4 > 2Vab. 
Exercise 1.24. If a, b > 0, then $+ B > 2. 
Exercise 1.25. If 0 < b <a, then TED 2 < He — Vab<§ (eo =m 


Now, we will present a geometric and a aa proof 7 a following inequal- 
ities, for x, y > 0, 


2 ee a (1.1) 
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Let « = BD, y = DC and let us construct a semicircle of diameter BC = 
x+y. Let A be the point where the perpendicular to BC in D intersects the 
semicircle and let E be the perpendicular projection from D to the radius AO. 
Let us write AD = hand AE = g. Since ABD and CAD are similar right triangles, 
we deduce that 


h 
qi = - then h=/ry. 
Also, since AOD and ADE are similar right triangles, we have 
J 2 2 
ee a then g= ete —$$—; 
vey at+y (2+4) 
gly 


Finally, the geometry tells us that in a right triangle, the length of one leg is 
always smaller than the length of the hypotenuse. Hence, g < h < eeu which can 


be written as 
x = y 


Vry < 
az eT y 
The number Tt is known as the harmonic mean of x and y, and the left inequality 


in (1.1) is known as the inequality between the harmonic mean and the geometric 
mean. 


Some inequalities can be proved through the multiple application of a simple 
inequality and the use of a good idea to separate the problem into parts that are 
easier to deal with, a method which is often used to solve the following exercises. 


Exercise 1.26. For x, y, z € R*, (wu+y)(y+z)(24+ 2) > 8xyz. 

Exercise 1.27. For z, y,z € R, 2? + y?4+ 27 >ayt+ yz 22. 

Exercise 1.28. For z, y, z © R*, cy+yzt za > xyz + yV/2a + 2,/zy. 
Exercise 1.29. For 2, y€ R, 2? +y?+1>ayt+art+y. 

Exercise 1.30. For x, y, z € R™, + + 7 + + > a + Tk + Tz 
Exercise 1.31. For x,y,z ¢ RT, @+ 4+ re >Sutyts. 

Exercise 1.32. For x, y, z ER, a? +y?+ 22 >a/fy+22 + ya? 42. 


The inequality between the arithmetic mean and the geometric mean can 


be extended to more numbers. For instance, we can prove the following inequa- 
lity between the arithmetic mean and the geometric mean of four non-negative 
numbers a, b, c, d, expressed as #444 > Vabcd, in the following way: 

b d 1 b d 1 


4 wr 


IV 


VabVed = Vabed. 


IV 
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Observe that we have used the AM-GM inequality three times for two numbers 
in each case: with a and b, with c and d, and with Vab and Vcd. Moreover, the 
equality holds if and only if a= b, c=d and ab = cd, that is, when the numbers 
satisfy a=b=c=d. 


Exercise 1.33. For x, y € R, 24 + y+ +8 > 82y. 
Exercise 1.34. For a, b,c, de Rt, (a+b+c+d)(++4+4+44) > 16. 


Exercise 1.35. For a, b,c, de R", ¢ + b ao an d > 4. 


A useful trick also exists for checking that the inequality abbbe > Wabc 
is true for any three non-negative numbers a, b and c. Consider the following 
four numbers a, b, c and d = Wabc. Since the AM-GM inequality holds for four 
numbers, we have ?*t4 > Wabed = Vded = d. Then arbre > d— fd = 3d. 


Hence, 8+¢ > d= Vabc. 


These ideas can be used to justify the general version of the inequality for n 
non-negative numbers. If a,,a2,...,@,) are n non-negative numbers, we take the 
numbers A and G as 
a1 + a2 +++++ an 

n 


A= and G= V/aja9°::Gn. 


These numbers are known as the arithmetic mean and the geometric mean of the 
numbers @1,@2,...,@n, respectively. 


Theorem 1.3.1 (The AM-GM inequality). 


a1 + G2 +++++4n 
n 


2 VWa102°*+ An. 


First proof (Cauchy). Let P, be the statement G < A, for n numbers. We will 
proceed by mathematical induction on n, but this is an induction of the following 
type. 

(1) We prove that the statement is true for 2 numbers, that is, P2 is true. 

(2) We prove that P,, = P,-1. 

(3) We prove that P,, = Pan. 


When (1), (2) and (3) are verified, all the assertions P,, with n > 2 are shown 
to be true. Now, we will prove these statements. 


(1) This has already been done in the first part of the section. 


(2) Let a1, ..., @,—1 be non-negative numbers and let g = »+V/az,--- Gy_1. Using 
this number and the numbers we already have, i.e., a1, ..., Gn—1, we get n 
numbers to which we apply P,,, 


> ~/a102°**Gn-1g = Vg"! -g =g. 


a1 Fett An-1 +9 
n 
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We deduce that ay+-+-+@n—1+g > ng, and then it follows that et > 
g, therefore P,,_, is true. 


(3) Let a1, a2, ..., @an be non-negative numbers, then 


@1 + Ag +++++ Gan = (a1 + Gg) + (ag + a4) +--+ + (Gon—1 + an) 


>2 (/aia2 + a3d4+ees + VG2n—142n) 
1 
> 2n (/araz/a3a4 ee G2n—142n) - 


= 2n(a1a2° -- da_) 2 , 


We have applied the statement P2 several times, and we have also applied the 


statement P, to the numbers ,/a1d2, \/a3a4, ..., ,/@2n—142n- 


Second proof. Let A = tn We take two numbers a;, one smaller than A 
and the other greater than A (if they exist), say aj = A—h and ag = A+k, with 
h,k>0. 

We exchange a; and az for two numbers that increase the product and fix 
the sum, defined as 


Since aj +a, =A+A+k-h=A-h+A+k=aj + a, clearly aj +a5+a3+ 
++ On = 01 +42 +43 +++: +4n, but ala, = A(A+k—h) = A? +A(k—h) and 
aya2 = (A+k)(A—h) = A? + A(k—h) —hk, then aa, > aia2 and thus it follows 
that aahagz +--+ An > a1A243 +++ An. 

If A =a) = a4 = a3 =--: = Gn, there is nothing left to prove (the equality 
holds), otherwise two elements will exist, one greater than A and the other one 
smaller than A and the argument is repeated. Since every time we perform this 
operation we create a number equal to A, this process can not be used more than 
n times. 


Example 1.3.2. Find the maximum value of «(1 — 23) forO<a<1. 


The idea of the proof is to exchange the product for another one in such 
a way that the sum of the elements involved in the new product is constant. If 
y = z(1 — 23), it is clear that the right side of 3y? = 323(1 — x3)(1 — x3)(1 — 23), 
expressed as the product of four numbers 3x3, (1 — a3), (1 — x) and (1 — 23), has 
a constant sum equal to 3. The AM-GM inequality for four numbers tells us that 


oe (ae ==) _ Ge 


Thus y < rege Moreover, the maximum value is reached using 3x? = 1 — x, that 
1 


4 
is, ifz= Wa 
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Exercise 1.36. Let x; > 0,7 =1,...,n. Prove that 
1 1 1 2 
(a1 + 22+---+24n) a he hee 
1 


Exercise 1.37. If {a),...,a,} is a permutation of {b),...,bn} C R*, then 


Exercise 1.38. If a >1, then a” —-1>n (a - a"). 


Exercise 1.39. If a, b, c > 0 and (14+ a)(1+6)(14+ c) =8, then abc < 1. 


wo 


Exercise 1.40. If a, b, c > 0, then a + us + & > ab+be+ ca. 


Exercise 1.41. For non-negative real numbers a, }, c, prove that 
a*b? + bce? + ca” > abc(at+b+c). 
Exercise 1.42. If a, b, c > 0, then 
(ab + b?e+ ca) (ab? + bc? + ca”) > 9a7b2c?. 
Exercise 1.43. If a, b, c > 0 satisfy that abc = 1, prove that 


1l+ab 1+0c ifac., 
l+a 1+6 Pree 


Exercise 1.44. If a, b, c > 0, prove that 


1 1 1 1 1 1 9 
—+=4+->2 4 + —— | > ——_. 
a bee a+b b+e cta at+b+e 


Exercise 1.45. If H, =1+ 4 apne pb 1, prove that 
n(n+1)* <n+H, for n>2. 


Exercise 1.46. Let 71, r2, ..., Z, > 0 such that a ae eect oc = 1. Prove that 
£11Q°+*En > (n—-1)". 

Exercise 1.47. (Short list IMO, 1998) Let aj, a2, ..., dy be positive numbers with 

ay + a2 +--+ +a@n <1, prove that 


a142°*+ dn (1 — (a1 +a2 +++: +an)| ee 
(a, tag +-+++@n) (1 — a1) (1 —ag)---(1-a,) 7 nel’ 
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Exercise 1.48. Let a1, a2, ..., dp be positive numbers such that at ; +7 = 
1. Prove that 


Var +--+ + Van 2 (n—1) (et-+ 5). 


Exercise 1.49. (APMO, 1991) Let aj, a2,..., Gn, 61, b2,..., bn be positive numbers 
with ay + ag +++: +4n = b) + bo +--+ +b,. Prove that 


Exercise 1.50. Let a, b, c be positive numbers, prove that 
1 a 1 s 1 - 1 
e@+h+abe B+8+abe 8 +a3+abe7 abc 
Exercise 1.51. Let a, b, c be positive numbers with a+ b+c= 1, prove that 


9) (Eom 


Exercise 1.52. Let a, b, c be positive numbers with a+ b+c= 1, prove that 


-)(b-) pe 


Exercise 1.53. (Czech and Slovak Republics, 2005) Let a, b, c be positive numbers 
that satisfy abc = 1, prove that 


a b Cc 


3 
CC) Cele Chien s 


1 1 af 1 


Exercise 1.54. Let a, b, c be positive numbers for which > + y+ Te 


Prove that 


abc > 8. 
Exercise 1.55. Let a, b, c be positive numbers, prove that 


2ab 2bc 2ca 
a+b b+c ct+a 


<at+bt+e. 


Exercise 1.56. Let a1, a2, ..., Gn, bi, b2, ..., by be positive numbers, prove that 


n 


3 — S> (ai + bi)” > 4n?. 
ser 


+ 4=1 


Exercise 1.57. (Russia, 1991) For all non-negative real numbers «x, y, z, prove that 


(gty+2)? 


3 ZILVSYZ + yV 2h + Z/LY. 
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Exercise 1.58. (Russia, 1992) For all positive real numbers x, y, z, prove that 
at +yt+ 22 > V8aryz. 


Exercise 1.59. (Russia, 1992) For any real numbers 2, y > 1, prove that 


1.4 A wonderful inequality: 
The rearrangement inequality 


Consider two collections of real numbers in increasing order, 


ay Sag <+++ <a, and b) < bg <--+ < by. 


For any permutation (a{,a@5,...,a/,) of (a1, @2,...,@n), it happens that 
a,b, + dgbg +--+ + Andy > aby + agbo +--+ +a) Dn (1.2) 
> An, + Gn—1b2 +++: + azbn. (1.3) 


Moreover, the equality in (1.2) holds if and only if (a4, @4,...,a/,) =(@1, @2,.-.,@n). 
And the equality in (1.3) holds if and only if (a4, a4,...,a/,) = (Gn, @n—1,---,@1). 


Inequality (1.2) is known as the rearrangement inequality. 


Corollary 1.4.1. For any permutation (a‘,,a4,...,@),) of (a1, @2,---,@n), tt follows 
that 
a+ as +e +a? > aya), + aga +++ + anai,. 

Corollary 1.4.2. For any permutation (a4,a4,...,a/,) of (a1, @2,...,@n), tt follows 
that 

a, ay a, 

ep ie Sn, 

ay a2 an 


Proof (of the rearrangement inequality). Suppose that b; < bo <---+ < by. Let 


S = arb, + aaby + + dybp Ho + agbs to + nbn, 


GS Has bite dpb es ab Ge oe ane 


The difference between S and 5S” is that the coefficients of b, and bs, where r < s, 
are switched. Hence 


S — S' = arby +asbs — Asbp — apbs = (bs — by) (as — Gr). 


Thus, we have that S > S$’ if and only if a, > a,. Repeating this process we get 
the result that the sum S is maximal when a, < ag <--: < ay. 
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Example 1.4.3. (IMO, 1975) Consider two collections of numbers 11 < 2g <--+-+< 
Ln and yy < yo <+++< Yn, and one permutation (21, 22,---,2n) Of (Y1,Y2;-++5Yn)- 
Prove that 


(a1 — yi)? ++++ + (tn — yn)? < (@1 — 1)? H+++ + (Un — Zn)?- 


By squaring and rearranging this last inequality, we find that it is equivalent 


60 nm n nm n n n 
Se -2S Cay toy < ee 250 az +> 2, 
i=1 i=1 i=1 i=1 i=1 i=1 


but since 5>"_, y? = So7_, z?, then the inequality we have to prove turns to be 


equivalent to 
n n 
» Liz S S- LiYis 
i=l i=l 


which in turn is inequality (1.2). 


Example 1.4.4. (IMO, 1978) Let x1, 22, ..., Un be distinct positive integers, prove 
that 
Te ahaa SP ak aie 
122? n2—1 2 n 
Let (a1,d2,...,@n) be a permutation of (21, %2,...,%,) with a; < ag < 
+ < dy and let (b1,b2,...,bn) = (fe): that is, by = gopbope for 
ero ee OS 
Consider the permutation (a), a4,...,a/,) of (a1, a2,...,@n) defined by aj = 
Ynti—i, fori =1,...,n. Using inequality (1.3) we can argue that 
Ly vg x 
gate tot oy = abi + abe ++ + nbn 
> Andi + Gn—1b2 + +++ + aibn 
= aby + Gobn—-1 + +++ + Andi 
ay a2 an 
= 72 + 52 or ee 5) 
Since 1 < aj, 2 < ag, ..., 2 < Gn, we have that 
ty «2 Ln ay ag An 1 2 n 1 1 1 
cep ag acl BR ec le AT PS BT 
prot Toe ae? oo © Tig aa oT + 1 at Ten 


Example 1.4.5. (IMO, 1964) Suppose that a, b, c are the lengths of the sides of a 
triangle. Prove that 


a? (b+c—a) +8? (a+c—b) +e? (a+b—c) < 3abe. 
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Since the expression is a symmetric function of a, b and c, we can as- 
sume, without loss of generality, that c < b < a. In this case, a(b+c—a) < 
b(a+c—b)<c(at+b—-c). 

For instance, the first inequality is proved in the following way: 

a(b+c—a) <b(a+c—b) & ab+ac—a? <ab+bce—h* 
& (a—b)c< (a+b) (a—b) 
= (a—b)(at+b-—c)>0. 


By (1.3) of the rearrangement inequality, we have 


a?(b+c—a)+b7(c+a—b)+c?(a+b—c) < ba(b+c—a)+cb(c+a—b)+ac(a+b—c), 


( 
a?(b+c—a)+b?(c+a—b)+c?(a+b—c) < ca(b+c—a)+ab(c+a—b)+bc(at+b—c). 
Therefore, 2 [a?(b+c—a)+b?(c+a—b)+c?(a+b—c)] < babe. 
( 


Example 1.4.6. (IMO, 1983) Let a, b and c be the lengths of the sides of a triangle. 
Prove that 


a*b(a — b) +. Bc(b—c) + c’a(c—a) > 0. 
Consider the case c < b < a (the other cases are similar). 


As in the previous example, we have that a(b+c—a) < b(a+c—b) < c(a+b—c) 
and since 4 < + < 4, using Inequality (1.2) leads us to 


1 1 1 
-—a(b+c—a)+—b(e+a—b)+-c(a+b-—c) 
a b c 

1 1 

> -a(b+c—a)+—b(c+a—b)+ —c(a+b—c) 
Cc a b 
Therefore, 
b- b(c—b - 
Fun Serpe Cease w by On atote 
c a 


It follows that 20-4) 4 be) 4 camo) <0. Multiplying by abc, we obtain 
c a b 


a*b (a — b) + b?c(b — c) +. c2a(c — a) > 0. 


Example 1.4.7 (Cauchy-Schwarz inequality). For real numbers 11, ..., Un, Y1, --- 
Yn, the following inequality holds: 


(-») «(E4) (Ee) 


The equality holds if and only if there exists some X © R with x; = Ay; for all 
$= 1b 25 ons 
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Ifa, =a4=:: in 0 or yy = yo = ++: = Yn = DO, the result is evident. 
Otherwise, let S = ,/>> =1 x? and T = 4/ dint y?, where it is clear that S, T # 0. 
Take a; = | and ae = for i=1,2,...,n. Using Corollary 1.4.1, 


n a? n y? 2n 
= i 2 
agri 
i=1 i=1 i=1 
2 G1 An41 + A24n42 +++ + Andean + An4141 + +++ + Gondn 
L1Y1 + LoY2 +++ + IFnYn 


=2 
ST 
The equality holds if and only if a; = a,4,; for 1 = 1,2,...,n, or equivalently, if 
and only if x; = Fyi fori =1,2,...,n 


Another proof of the Cauchy-Schwarz inequality can be established using 
Lagrange’s identity 


n 


(Soom) =i Soy - 3D. Do wiys — 2 iyi)” 
i=l i=l i=1 j=1 


The importance of the Cauchy-Schwarz inequality will be felt throughout the 
remaining part of this book, as we will use it as a tool to solve many exercises and 
problems proposed here. 


Example 1.4.8 (Nesbitt’s inequality). For a, b, ce R*, we have 
a “ b G. tas 3 
b+e eta atb~ 2 


Without loss of generality, we can assume that a < b <c, and then it follows 


hatarb<ebacbte and phe < ch < ch. 


Using the rearrangement inequality (1.2) twice, we obtain 


Hence, 


Bales sh ot ie SO Nk (OI ae aa bg 
b+e cta atb/~\b+ce cta atb) ~ 


Another way to prove the inequality is using Inequality (1.3) twice, 


cta a+b b+e 


b+e cta atb 
a+b b+e cta 


b+e cta atb 
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: vat \ : 2a+tbte 2b+cta 2ctatb 
Then, after adding the two expressions, we get “0° + “TEM + =e 


therefore 


IV 
oD 


2a 2b 2c 
+ + >3. 
b+e cta a+b 
Example 1.4.9. (IMO, 1995) Let a, b, c be positive real numbers with abc = 1. 
Prove that 


1 1 1 
ak(b+c) bB(c+a) (a+b) 
Without loss of generality, we can assume that c <b <a. Let x= i, Y=%5 
and z= 4, thus 


3 
Sie 
2 


legs Mt og De, i 
~ a@(b+c) Beta) c(a+b) 
7 fo y? 23 
Se Poke ia 

aly eae! sey mee -+- 
Yo Be BS IE ey 
2 y? of 


st ‘ 
y+tz2 z2+2 %urt+y 


< z, we can deduce that x+y < z+ a < y+ 2 and also that 


y 
2 < + < —.. Using the rearrangement inequality (1.2), we show that 


ytz — z24+9% x+y" 
ee y? a? > ry YZ ZX 
yt2 zeta axet+y ytez zt+n xty’ 
an? y? a > Uz yx zy 
ytez z+u ety ytez z+n ety 


which in turn leads to 2S > 2+y+ 2 > 3/tyz = 3. Therefore, S > 3. 
Example 1.4.10. (APMO, 1998) Let a, b, cE R*, prove that 


(+5) (+2) +s) 22(1+ age). 


Observe that 


iB) (ord) (rd aa(ir eae 


she fit Oy Occ a Lee ge aes gol ae 
b cc oa c boa abc — v/abe 
a 


b 


bc ac. b. 2a+b+c) 
$ot=4+-454+-> Se. 
6 ae 


boa v/abc 


> 
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Now we set a 


But, if we consider 
(a1, 42, 43, 4, G5, 46) =. (=. oo) aa aa oe 
/ f- / fe / / 
(a1, 45, 43,44, 45, 4) = (4 ah ed et aed =) ’ 
2 
(b1, be, bs, ba, bs, b6) = (G4 729 52952? 2 


we are led to the following result: 


3 3 3 3 3 3 2 2 2 2 2 2 
0 ae ye 
YS eu LY Zz Ye XZ 
_ 2 (28 + y3 + 2?) 
LYZ 


Example 1.4.11 (Tchebyshev’s inequality). Let a, < ag <-+: <a, and bi < bo < 
+++ <by, then 


aib1 + agbe + +++ + Anbn > ay +agte:+an bi tbet-:-+bn 
n — n n 


Applying the rearrangement inequality several times, we get 


a,b; anbn = ab, + agbg Anbn, 

a,b) Anbyn = a1b2 + azb3 andy, 

a,b) anbn = a1b3 + aba nba, 

a,b) Anbn = Arby + agb1 + +++ + Gnbn-1, 
and adding together all the expressions, we obtain 


n(ayby +--+ + dnbn) > (a1 + +++ + Gn) (br +--+ + bn). 


The equality holds when a, = ag =--+: = ay or b} = bg =-+-- = dy. 


Exercise 1.60. Any three positive real numbers a, b and c satisfy the following 
inequality: 
a§ +0 +3 >a7b4+ bet Ca. 
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Exercise 1.61. Any three positive real numbers a, b and c, with abc = 1, satisfy 
a? + b? +c? + (ab)? + (bc)? + (ca)? > 2(a7b + b?e + c*a). 
Exercise 1.62. Any three positive real numbers a, b and c satisfy 


Ge) Bo ce “ b is c ie a 
a~a bc 
Exercise 1.63. Any three positive real numbers a, b and c satisfy 


at+b+e 
+ ———_.. 
abc 


Te = He 2 
eo pee 


Exercise 1.64. If a, b and c are the lengths of the sides of a triangle, prove that 


a i b te c $4 
b+e-a cta-b atb—-c™7 - 
Exercise 1.65. If a1, az, ..., dn € R* and s =a, + ag+---+an, then 
a a a n 
1 e 2 naga en n > ; 
S—a@, S—a2 8$—-Q, n—l 
Exercise 1.66. If a1, a2, ..., dn € R* and s =a, +a2+--:-+Gn, then 
8 8 8 n? 
+ feet > 
S—-Q, S&—a@2 S— Qn n-1 
Exercise 1.67. If a1, a2, ..., @) € R* and a; +a9+---+a, =1, then 
ay a2 an n 
oe > ’ 
ta, en Ug Oo 
Exercise 1.68. (Quadratic mean-arithmetic mean inequality) Let x1, ..., tn € 
Rt, then 


wit azt to, Ti+ 2+ +n 
n * n , 


Exercise 1.69. For positive real numbers a, b, c such that a+b+c= 1, prove that 


1 
ab+be+ca< 3" 


Exercise 1.70. (Harmonic, geometric and arithmetic mean) Let 71, ..., 2% € R*, 
prove that 
n Bt+teat-:- +2 
————; < Wagar <a Ee 
ay tag tba, u 


And the equalities hold if and only if vy = 72 =---=2y. 
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Exercise 1.71. Let a), ag, ..., @, be positive numbers with a,a2--- a, = 1. Prove 
that 
1 1 1 
at tay tte taht > — 44 -4—. 
ay ag an 
Exercise 1.72. (China, 1989) Let ai, a2, ..., dy, be positive numbers such that 


a, +a9+-+++a, = 1. Prove that 


ay a 


hn 1 
Vian ee ae 


Exercise 1.73. Let a, b and c be positive numbers such that a+ b+ c= 1. Prove 
that 


(i) 4a+1+ 4041+ /4e+1 <5, 
(i) (441+ /404+14 /4er1 < Val. 


Exercise 1.74. Let a, b, c, d€ R* with ab+ be + cd + da = 1, prove that 


a? a: b? ee fou a 2 sid 
b+tet+td ate+td at+b+d at+bt+e 7 3’ 


Exercise 1.75. Let a, b, c be positive numbers with abc = 1, prove that 


a b o¢ 
~+-+-2atbrte. 
bo coa 


Exercise 1.76. Let 21, 2, ..., @» (n > 2) be real numbers such that the sum of 
any n—1 of them is greater than the element left out of the sum. Set s = S77, rp. 
Prove that 


1.5 Convex functions 


A function f : [a,b] — R is called convex in the interval I = [a,b] if for any 
t € [0,1] and for alla<a<y<b, the following inequality holds: 


f(ty+ (l— te) Stfy) + 1 — t) f(a). (1.4) 


Geometrically, the inequality in the definition means that the graph of f 
between x and y is below the segment which joins the points (a, f(«)) and (y, f(y)). 
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In fact, the equation of the line joining the points (a, f(#)) and (y, f(y)) is 


expressed as 
f(y) — f(x) 


L(s) = f(x) + (s— a). 
y-2@ 
Then, evaluating at the point s = ty + (1—t)a, we get 
fy) = F(2) 


L(ty+(1—t)xr) = f(x) + 6 
=tf(y) + (1 —-2f(2). 
Hence, Inequality (1.4) is equivalent to 
f(ty + (1—t)z) < L(ty+ (1 —-#)2). 


Proposition 1.5.1. (1) If f is convex in the interval [a,b], then it is convex in 
any subinterval [x,y] C [a,b]. 


(2) If f is convex in [a,b], then for any x, y € [a,b], we have that 


ety 1 
§ (FE) < Sw +) (1.5) 
(3) (Jensen’s inequality) If f is convex in [a,b], then for any ti, ..., tr € [0,1], 
with Yr", t;) = 1, and for x1, ..., tn € [a,b], we can deduce that 


f(tigi +--+ + tran) <tif(ti) +--+ +trf (an). 
(4) In particular, for 21, ..., Un € [a,b], we can establish that 


p (Se) cE plea) t+ Flan). 


n 
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Proof. (1) We leave the proof as an exercise for the reader. 
(2) It is sufficient to choose t = 4 in (1.4). 
(3) We have 

ty tn—-1 


a+ 


— ty T4727) + tn2n) 


f (titi +--+ tran) = f(A = th) (5 


t Ling F 
<(1-t,)f (; = Byte t+ = tn-1) +tnf (an), by convexity 


t ee : ‘ 
<(1-t,) {ete feet i = Fen-)} +tnf (an), by induction 


= ti f (a1) Sette tad Ga): 


(4) We only need to apply (3) using ty = t2 =---=tn = +. 


Observations 1.5.2. (i) We can see that (4) holds true only under the assumption 
that f satisfies the relation f (44) me fF) for any x, y € [a,b]. 


(ii) We can observe that (3) is true for ti, ..., tr € [0,1] rational numbers, only 
under ; ieee that f satisfies the relation f (44) < fet) for any 
x, y € |a, dj. 


We will prove (i) using induction. Let us call P,, the assertion 


p (Re) cE pte) t+ How) 


n n 
for 21, ..., Zn € [a,b]. It is clear that P, and P are true. 
Now, we will show that P, => P,—1. 
Let 21, ..., Un € [a,b] and let y = ae Since P, is true, we can 


establish that 


F ees e * f(z) ae f(¢n-1) =a “fo. 


n 


But the left side is f(y), therefore n- f(y) < f (a1) +--+ + f(an—1) + f(y), and 


2 — 


n—-1 
Finally, we can observe that P, => Pon. 
Let D = f a = f (+), where u = mbt tn and 


2n 


(f (a1) + +--+ F(atn—1))- 


Entit:+Lan 


Sites ¢ (4°) < d(f(u) + f(v)), we have that 
(Fw) + #00) = 5 (¢ (4) 4 5 (Se) ) 


(f (a1) +--+ + Flan) + f@nti) +++ + fl@2n)); 


i 
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where we have used twice the statement that P,, is true. 


To prove (ii), our starting point will be the assertion that f (4+—ttn ) < 
+(f(a1) +++++ f(&n)) for a1, ..., Un € [a,b] and n EN. 
Let t1 = 2, ..., t2 = @ be rational numbers in [0,1] with )07_, t = 1. 


If m is the least common multiple of the s,’s, then t; = 2 with pj € N and 
ae pi =m, hence 

f tia, +--+ +tnan) = f (Bn, silat aad Pron) 

m m 


1 
=f) = \ (tite tar)t- + (nt. + on) 
ee 


pi— terms pn— terms 


(f(ai) ++++ + fei) +--+ + (F (Gn) + +++ + Fn) 
pi— terms pn— terms 
= f(r) +--+ (en) 


= ti f (1) APS Se trad (a) 


Observation 1.5.3. If f : [a,b] — R is a continuous? function on [a,b] and satisfies 
hypothesis (2) of the proposition, then f is convex. 


We have seen that if f satisfies (2), then 
f(qa + (1—a)y) < af(a) +(1- OF) 


for any x, y € [a,b] and q € [0,1] rational number. Since any real number ¢ can 
be approximated by a sequence of rational numbers qn, and if these g, belong to 
(0, 1], we can deduce that 


f(Qn@ + (1 —Gn)y) S anf (x) + (1 = an) F(y)- 
Now, by using the continuity of f and taking the limit, we get 
f(ta + (1—t)y) < tf(a) + 1-4) f(y). 
We say that a function f : [a,b] — R is concave if —f is convex. 
2A function f : [a,b] + R is continuous at a point ¢ € [a,2] if lim f(x) = f(@), and f is 


continuous on [a, b] if it is continous in every point of the interval. Equivalently, f is continuous 
at c if for every sequence of points {cn} that converges to c, the sequence {f(cn)} converges to 


f(e). 
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Observation 1.5.4. A function f : [a,b] > R is concave if and only if 
f(lty+(1—-t)e) >tfiy)+(1-tf(e) for0<t<landa<a<y<b. 


Now, we will consider some criteria to decide whether a function is convex. 


Criterion 1.5.5. A function f : [a,b] — R is convex if and only if the set {(x, y)| 
a<a<b, f(x) < y} is conver.3 


Proof. Suppose that f is convex and let A = (x1,y1) and B = (x2, y2) be two 
points in the set U = {(xz,y)|a< a <b, f(x) < y}. To prove that tB+(1-t)A= 
(tag + (1 — t)a1, tye + (1 — t)y1) belongs to U, it is sufficient to demonstrate that 
a <tag+(1—t)a, < band f(tag+ (1—ft)x1) < tyet+(1—t)y1. The first condition 
follows immediately since x; and x2 belong to [a, }]. 

As for the second condition, since f is convex, it follows that 


f (tag + (1 —t)a1) <tf(r2) + (1 —t)f(a1). 
Moreover, since f(a2) < yo and f(a#1) < y1, we can deduce that 
f(tx2+ (1 —t)a1) < tye t+ (l—-t)yr. 
Conversely, we will observe that f is convex if U is convex. 
Let 271, 22 € [a,b] and let us consider A = (a1, f(#1)) and B = (a2, f(x2)). 
Clearly A and B belong to U, and since U is convex, the segment that joins them 
belongs to U, that is, the points of the form tB + (1 — t)A for t € [0,1]. Thus, 


(tao + (1 — t)ai, tf (v2) + (1 —t)f(x1)) € UV, 


but this implies that f(ta2 + (1 — t)a1) < tf(x2) + (1 — t)f (a1). Hence f is 
convex. 


Criterion 1.5.6. A function f : [a,b] — R is convex if and only if, for each xo € 
(a, b], the function P(x) = Lay (0) is non-decreasing for x # Xo. 

Proof. Suppose that f is convex. To prove that P(a) is non-decreasing, we take 
x < y and then we show that P(«) < P(y). One of the following three situations 
can arise: 19 <u <y,u< 4% <yorx < y< 4. Let us consider the first of these 


3A subset C of the plane is convex if for any pair of points A, B in C, the segment determined 
by these points belongs entirely to C. Since the segment between A and B is the set of points 
of the form tB + (1 — t)A, with 0 < t < 1, the condition is that any point described by this 
expression belongs to C. 
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cases and then the other two can be proved in a similar way. First note that 


P(z) < P(y) f(x) = f(o) < f(y) = f(o) 


- " L— Xo y— Xo 
(f(x) — f(#0))(y — a0) < (f(y) — f(wo))(« — #0) 
& f(x)(y— a0) < F(y)(x — 20) + f(x0)(y — 2) 
& f(a) < f(y) + f(a) —— 
Y— Xo Y— Xo 


Y—-az 


o f (+ 1 1) SFG) has 


yY— xo y— xo y— xo y— Zo 


The result follows immediately. 


Criterion 1.5.7. If the function f : [a,b] — R is differentiable+ with a non- 
decreasing derivative, then f is convex. In particular, if f is twice differentiable 
and f(x) > 0, then the function is convex. 


Proof. It is clear that f(a) > 0, for x € [a,b], implies that f’(a) is non-decreasing. 
We see that if f’(a) is non-decreasing, the function is convex. 

Let x = th+ (1—t)a be a point on [a,b]. Recalling the mean value theorem, 
we know there exist c € (a,x) and d € (x, 6) such that 


f(@) — f(a) =(@-a) fi =t 
f(b) — f(x) = (b- x) f(a) = ( 


Then, since f’(x) is non-decreasing, we can deduce that 


(1 — t) (f(x) — f(a)) = t. — t)(b— a) f'(c) < t — t)(b— a) f"(d) = tf (0) — F(a). 


After rearranging terms we get 


f(a) S tf) + 1 —-df(@). 


Let us present one geometric interpretation of convexity (and concavity). 


5 


Let x, y, z be points in the interval [a,b] with « < y < z. If the vertices of 
the triangle XY Z have coordinates X = (x, f(x)), Y = (y, f(y)), Z = (, f(z)), 
then the area of the triangle is given by 
f(x) 
f(y) 
f(z) 
~ 44 function f : [2,6] = R is differentiable in a point c € [a,b] if the function f’(c) = 
lim fte)— fe) exists and f is differentiable in A C [a, }] if it is differentiable in every point of A. 


5Mean value theorem. For a continuous function f : [a,b] > R, which is differentiable in (a, b), 
there exists a number z € (a,b) such that f’(x)(b— a) = f(b) — f(a). See [21, page 169]. 


1 1 ¢& 
A= 5 det A,whereA=|{ 1 y 
1 z 
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The area can be positive or negative, this will depend on whether the triangle 
XYZ is positively oriented (anticlockwise oriented) or negatively oriented. For a 
convex function, we have that A > 0 and for a concave function, A < 0, as shown 
in the following graphs. 


In fact, 


A>0O Ss det A>O 


& (2—-y)Fla) — (2-2) f(y) + Y—2)F(2) > 0 
@ f(y) < h(a) + Fle). 


If we take ¢ = ““, we haveO < t < 1,1—-t= 4%, y =tz+(1—t)e and 
f(t2+(—t)x) <tf(z)+(1-t)f(2). 


Now, let us introduce several examples where convex functions are used to 
establish inequalities. 


Example 1.5.8. The function f(x) =x", n >1, is conver in R* and the function 
f(x) =2", with n even, is also convex in R. 


This follows from the fact that f(a) = n(n — 1)x"~? > 0 in each case. 


As an application of this we get the following. 


‘ . 2 4 ¢ é 
(i) Since (422)" < ath we can deduce that 4% < ,/*t". which is the 


inequality between the arithmetic mean and the quadratic mean. 


(ii) Since (s¢4)" < ou we can deduce that a” + 6” > ae 


positive numbers such that a+b = 1. 


for a and 0b 


(iii) If @ and b are positive numbers, (1+ £)" + (1+ 2)" > 2"+1. This follows 
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from 


No 
3 
| 
SY 
Fs 
No 
~~" 
IA 
Ss 
, aN 
i 
a 
o 
wo] + 
e. 
oft 
oa 
ae a 
IA 


p+ $)+r(142)| 
(1+ $)"+ (242) F 


Example 1.5.9. The exponential function f(x) = e” is convex in R, since f"(x) = 
e” >0, for every x ER. 


1 
2 
1 
2 


Let us observe several ways in which this property can be used. 
(i) (Weighted AM-GM inequality) If 71, ..., @n, ti, ..., tn are positive numbers 
and )*_, t =1, then 


aps aim < tye, +++ + tytn. 


In fact, since ea = et! and e” is convex, we can deduce that 


ot Ae ain = eft logav1 |, etn log zn _ eft log x1+-+-+ty logan 


< tele * ode sh terse = tyr, +--+ + tytn. 
In particular, if we take t; = 1, for 1 <2 <n, we can produce another proof 


of the inequality between the arithmetic mean and the geometric mean for n 
numbers. 


(ii) (Young’s inequality) Let x, y be positive real numbers. If a, b > 0 satisfy the 
condition 4+ 4 = 1, then ay < 427+ hy? 


We only need to apply part (i) as follows: 


(iii) (Hélder’s inequality) Let x1, x2, ..., @n, Yi, Y2, ---; Yn be positive numbers 
and a, b > 0 such that 4 + ; = 1, then 


Let us first assume that 77, 27 = Oy, y? =1. 


=. 


Using part (ii), vy; < +22 + ¢y?, then 


” Esse 8. chee 1 1 
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Now, BUDE that Doe 2? = A and S_, y? = B. Let us take x, = => 
and yj = 


n ee a n n b 
a = i nb Loins Vi 
a: an 2 CF) 3 ; 


i=l 


we can deduce that 
LiYi 1 = 
> Yo = tin ~ BeBe Lt 
= i=l 


Therefore, 7", aiyi < AM BY®. 
If we choose a = b = 2, we get the Cauchy-Schwarz inequality. 


Let us introduce a consequence of Hélder’s inequality, which is a generaliza- 
tion of the triangle inequality. 


Example 1.5.10 (Minkowski’s inequality). Let a1, a2, ..., Qn, bi, ba, ..., bn be 
positive numbers and p > 1, then 


(dom +m)) 2 (Se0"] “e (3200) : 


k=1 
We note that 
(ax + bp)? = an (Gr + by)P+ + be (ar + be. 


so that 


n 


S-( (ax + by)? = So ag(an + bx)? + S° balan + be)? (1.6) 
k=1 


k=1 k=1 


We apply Holder’s inequality to each term of the sum on the right-hand side of 
(1.6), with q such that 5+ 4 = 1, to get 


M: 
= 
= 
7 
Q 
> 
! 
t 
oa 
cas 
So 
i 
ner 
mx 
oN 
M: 
Se 
= 
> 
Na 
As} 
nm 
si 
nas 
Me 
i, 
Q 
> 
+ 
=a 
> 
Na 
ie 
hs} 
ue: 
= 
al 


Putting these inequalities into (1.6), and noting that q(p — 1) = p, yields the 
required inequality. Note that Minkowski’s inequality is an equality if we allow 
p= 1. For 0 < p< 1, the inequality is reversed. 
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Example 1.5.11. (Short list IMO, 1998) Ifri, ..., rn are real numbers greater than 
1, prove that 
1 1 


n 
ee 
1+r, 1+ WT Th +1 


First note that the function f(x) = T= 
et e*(e”—1 
Cte")? and f(z) = Tay > 0 for x >0. 
Now, if r; > 1, then r; = e” for some x; > 0. Since f(x) = 
we can establish that 


is convex for R*, since f’(x) = 


1 


ite is convex, 


IA 


1 1 1 fi a 1 
(A) 44 n\1l+e% 1+e%n }’ 


hence 
n 1 1 
<< + .. -  —_. 
YT Mm tl l+n 14+Trp 
Example 1.5.12. (China, 1989) Prove that for any n real positive numbers x1, ..., 
Ly such that \~"_, x =1, we have 


3 i sf vi 
Vie Vn—1~ 


We will use the fact that the function f(x) = ver is convex in (0,1), since 
f"(x) > 0, 


It is left to prove that >; Jai < Vn, but this follows from the Cauchy-Schwarz 
inequality, 974 «/€i < V/s Bi a LS Vn. 


Example 1.5.13. (Hungary-—Israel, 1999) Let k andl be two given positive integers, 
and let ajyjz, 1<i<k andl <j <1, be kl given positive numbers. Prove that if 
q=>p> 0, then 


s°(s0)') <(5(sou 


j=1 \i=l 
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Define b; = ys ay, for 7 = 1,2,...,1, and denote the left-hand side of the 
required inequality by LZ and the right-hand side by R. Then 


q-P 
k 1 a ie a l q 
q oe \ py 
LES DN DEN; dai)? 
i=1 j=l j=l 
ap 2 
k 1 q q 
3 qd 
— P 
=| 208 doa; 
1=1 j=l j=l 
q-Pp B 
q q 


The inequality L < R follows by dividing both sides of L7 < L7-? RP by LY-? and 
taking the p-th root. 


Exercise 1.77. (i) For a, b€ R*, with a+b =1, prove that 


oe a ae ees 
a a b ie 


(ii) For a, b, c€ R*, with a+ b+c=1, prove that 


i\* 1 1\7 _ 100 
at+t—) +[b+—=) +[c+-) >=. 
a b c 3 
Exercise 1.78. For 0 < a, b, c <1, prove that 


a b Cc 


————S ee 1—a)(1—b)(1 —c) <1. 
ppetd eniel apeel: ay d( us 
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Exercise 1.79. (Russia, 2000) For real numbers x, y such that 0 < x, y < 1, prove 
that 
1 fi 1 Zz 2 
Vita? fit+y?” Vitsy 


Exercise 1.80. Prove that the function f(x) = sin x is concave in the interval [0,7]. 
Use this to verify that the angles A, B, C of a triangle satisfy sin A+sin B+sinC < 
3/3. 
Exercise 1.81. If A, B, C, D are angles belonging to the interval [0,7], then 
(i) sin Asin B < sin? (444) and the equality holds if and only if A = B, 
(ii) sin Asin Bsin C'sin D < sin* (A¢8+¢+2) 
(iii) sin Asin Bsin C < sin? (442+°)_ 
Moreover, if A, B,C are the internal angles of a triangle, then 
(iv) sin Asin BsinC < 23, 
(v) sin4 sin 2 sin € < z, 
(vi) sin. A+ sin B + sinC = 4cos 4 cos 8 cos €. 
Exercise 1.82. (Bernoulli’s inequality) 


(i) For any real number x > —1 and for every positive integer n, we have (1 + 
xz)" >1l+nez. 


(ii) Use this inequality to provide another proof of the AM-GM inequality. 


Exercise 1.83. (Schiir’s inequality) If x, y, z are positive real numbers and n is a 
positive integer, we have 


For the case n = 1, the inequality can take one of the following forms: 
(a) oF +y? +29 + 3ayz > ay(a@t+y) t+ y2(y + 2) + 2a(z +2). 
(b) xyz > (w@+y—2)lytz—a)(zta-y). 
(c) Ifa+ty+z=1, 9ryz+1 > 4(ay + yz4 22). 


Exercise 1.84. (Canada, 1992) For any three non-negative real numbers x, y and 
z we have 
a(x — 2)? +y(y— 2) > («-z)(y—z)(et+y—2). 


Exercise 1.85. If a, b, c are positive real numbers, prove that 


a b Cc 9 


(ok Ce nC (Cee: 
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Exercise 1.86. Let a, b and c be positive real numbers, prove that 
1+ : ee 
ab+be+ca~ atb+ec 


Moreover, if abc = 1, prove that 


ee 
at+tb+c7 ab+bce+ca 
Exercise 1.87. (Power mean inequality) Let x1, x2, ..., Zn be positive real numbers 
and let t), to, ..., tn be positive real numbers adding up to 1. Let r and s be two 


nonzero real numbers such that r > s. Prove that 
(124 aise + tyxt)r > (123 Aas + tyx®)* 
with equality if and only if 7] = 4% =---= Zp. 


Exercise 1.88. (Two extensions of Hélder’s inequality) Let x11, x2, ..., @n, Y1, Y2; 
-+5 Uns 215 22; +++; Zn be positive real numbers. 


{Stew} sf Sanh ow} 


(ii) If a, b, c are positive real numbers such that 4 + ; + + = 1, then 
i=1 i=1 i=1 i=1 


Exercise 1.89. (Popoviciu’s inequality) If J is an interval and f : I — R is a convex 
function, then for a, b, c € I the following inequality holds: 


sre) 12) 1 9) 
< Hays FO) Te) +f (a). 


Exercise 1.90. Let a, b, c be non-negative real numbers. Prove that 
(i) a2 +b? +c7 4+ 3Va2b2c? > 2(ab+ be + ca), 
(ii) a? + 6? +c? + 2abe+ 1 > 2(ab + be + ca). 


Exercise 1.91. Let a, b, c be positive real numbers. Prove that 


b+e cta atb a b Cc 
+ + >4 + + 
a b Cc b+e cta atb 
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1.6 A helpful inequality 


First, let us study two very useful algebraic identities that are deduced by consid- 
ering a special factor of a? + b? + c3? — 3abe. 
Let P denote the cubic polynomial 


P(x) = 2° —(a+6+c)a’ + (ab+ be + ca)x — abc, 


which has a, b and c as its roots. By substituting a, b, c in the polynomial, we 
obtain 
a? — (at+b+c)a* + (ab+ bc+ ca)a — abc = 0, 


b? —(a+b+c)b? + (ab+be+ ca)b — abc = 0, 


& —(at+b+c)c? + (abt be+ ca)c— abe = 0. 


Adding up these three equations yields 
a® +b? +c} —3abe = (at+b+c)(a? +b? +c? — ab—be- ca). (1.7) 


It immediately follows that if a + b+c=0, then a? + b? + c? = 3abe. 
Note also that the expression 


a? +b? +c? —ab—be—ca 


can also be written as 
1 
a’? +b? +c? —ab—be-ca= 5l(@ — b)? + (b—c)? + (c—a)*]. (1.8) 


In this way, we obtain another version of identity (1.7), 


a? + 8 +. — Babe = s(a+b+ol(a by? + (b—c? +(c—a)]. (1.9) 


This presentation of the identity leads to a short proof of the AM-GM inequality 
for three variables. From (1.9) it is clear that if a, b, c are positive numbers, then 
a? +b? + c3 > 3abe. Now, if x, y, z are positive numbers, taking a = </z, b = ly 
and c = ¥/z will lead us to 
xu+ - +2 > gayz 
with equality if and only if «= y= z. 
Note that identity (1.8) provides another proof of Exercise 1.27. 


Exercise 1.92. For real numbers 2, y, z, prove that 


gt y* +27 > |eyt+yzt za. 
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Exercise 1.93. For positive real numbers a, }, c, prove that 


a2 +b? 4+? 1 1 1 
So at eS 
abc a be 


Exercise 1.94. If x, y, z are real numbers such that x < y < z, prove that 
(g—yP+(y-zPe+G@—2)? > 0. 


Exercise 1.95. Let a, b, c be the side lengths of a triangle. Prove that 


I q3 b3 3 b 
‘ —orree > max{a, b, ch. 


Exercise 1.96. (Romania, 2007) For non-negative real numbers x, y, z, prove that 


a+ y+ 23 
3 


> aye + Fle- wy - 22a) 


Exercise 1.97. (UK, 2008) Find the minimum of x? + y? + z?, where 2, y, z are 
real numbers such that #? + y? + 2° — 3ryz = 1. 


A very simple inequality which may be helpful for proving a large number of 
algebraic inequalities is the following. 


Theorem 1.6.1 (A helpful inequality). Ifa, b, x, y are real numbers and x, y > 0, 
then the following inequality holds: 


a ei (1.10) 


Proof. The proof is quite simple. Clearing out denominators, we can express the 
inequality as 
a*y(at+y) + b’a(a +y) > (a +b)?ay, 


which simplifies to become the obvious (ay — bx)? > 0. We see that the equality 
holds if and only if ay = bz, that is, if and only if ¢ = a 

Another form to prove the inequality is using the Cauchy-Schwarz inequality 
in the following way: 


( +)? ( a Jot b Vi) < (S47) a ) 
a = | —=V024+—Vy}) <|—+—) (c+ y). 
Va Vy cy 

Using the above theorem twice, we can extend the inequality to three pairs 

of numbers ‘ e ‘ 5 F 3 
a* ob (a + b) pte gy be) 
zZ” xe+yt+Zz 


o] 
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and a simple inductive argument shows that 


2 2 2 sind 2 
Oh ay ito ee as (1.11) 
Beal v2 In Cy tHeot---+2%y 
for all real numbers aj, ag, ..., @n and Xj, %2, ..., Ln > 0, with equality if and 
only if 
get ES 
T = v2 a 


Inequality (1.11) is also called the Cauchy-Schwarz inequality in Engel form or 
Arthur Engel’s Minima Principle. 


As a first application of this inequality, we will present another proof of the 
Cauchy-Schwarz inequality. Let us write 


272 272 272 
2 2 2 azby | ab5 a,b, 
aftaz+--taz = 44422 4+-.-+ 
ne TB b2 
then 
atb} — a3b3 a2b? — (ayby + dgb2 +-++ + Anbn)? 


pes Ss 
bt b3 = bi + bs +--- +02 
Thus, we conclude that 

(aj +43 +--+ +a7)(by +03 +--+ +b) > (arb + agbz + +++ + anda)? 


and the equality holds if and only if 


It is worth to mention that there are other forms of the Cauchy-Schwarz 
inequality in Engel form. 


Example 1.6.2. Let ai, ..., Qn, b1, ..., by be positive real numbers. Prove that 
Oi Oa 
by bn a by free Ht Anon, 
ay a 1 a weve 
Wi) ees a SS ee ee Shes Se iV ie. 
i) Bai pee ay (F as 


Both inequalities are direct consequence of inequality (1.11), as we can see 
as follows. 


2 2 shy 2 
(gp gents coun de eta rope ere 
by bn a by Anvn a by +:+++anbn 


& 2 
Re om 1 
ee a ee a eS nd Dane peas ’ 
n an \bi 
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., bn be positive real numbers 


Example 1.6.3. (APMO, 1991) Let ai, ..., Qn, bi, .. 
such that ay +ag+---+a, = 6b; +b2+---+ by. Prove that 
fo fe an > x +++++4n) 
eee _— a ¢ 6.6, an .. 

ay + by Qn + bn ma : 


Observe that (1.11) implies that 
2 a2 (a, +ag +--+ ap)? 


OF eg aay te oY 
ay + by Gn + bn ~ @1+@2+++++ Gn +61 + bo +++++ bn 


_ (a tant + an)? 
2(a1 tag +---+Gn) 
1 
= 5 (a1 + aa +++ + an). 
The following example consists of a proof of the quadratic mean-arithmetic 


mean inequality. 
Example 1.6.4 (Quadratic mean-arithmetic mean inequality). For positive real 


numbers £1, ..., Ln, we have 
DF ped 2 
LULA +L, ss T+ Lat + Ln 
n — n ; 
Observe that using (1.11) leads us to 
wi+agte tan. (e+ a2: + an)? 
n ? n? : 


which implies the above inequality. 

In some cases the numerators are not squares, but a simple trick allows us 
to write them as squares, so that we can use the inequality. Our next application 
shows this trick and offers a shorter proof for Example 1.4.9. 


Example 1.6.5. (IMO, 1995) Let a, b, c be positive real numbers such that abc = 1. 


Prove that 
1 rs 1 fa 1 3 
ak(b+c) Bate) (a+b) ~ 2 


Observe that 


1 1 1 + Z = 
SS ee 
ak(b+c) bB(c+a) (a+b) a(b+c) b(c+a) cla+b) 
a (4+7+4)? = ab + be + ca 
~ 2(ab+ bc + ca) 2(abc) 
3\/(abe)? 3 


| 
i) 
Nl 
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where the first inequality follows from (1.11) and the second is a consequence of 
the AM-G'M inequality. 


As a further example of the use of inequality (1.11), we provide a simple 
proof of Nesbitt’s inequality. 


Example 1.6.6 (Nesbitt’s inequality). For a, b, ce R*, we have 


a ns b i Cs 3 
b+e cta atb~ 2 
We multiply the three terms on the left-hand side of the inequality by ¢, b 
£, respectively, and then we use inequality (1.11) to produce 
a? b? C (a+b+c)? 
——_ + —— + ——_ > SO _., 
a(b+c) b(e+a) clat+b) ~ 2(ab+bc+4 ca) 
From Equation (1.8) we know that a? + 6? + c? — ab — be — ca > 0, that is, 
(a+b+c)? > 3(ab+bce+ ca). Therefore 


2 
pr es ee Se ee 
b+e ct+ta a+t+b~ 2(ab+be+ca) ~ 2 


Example 1.6.7. (Czech and Slovak Republics, 1999) For a, b and c positive real 
numbers, prove the inequality 


a x, b x Oss 
b+2c c+2a a+2b7— 


Observe that 
a s b a Co! a? ie b? ie Cc 
b+2c c+2a at2b ab+2ca be+2ab cat 2bc 


2 


Then using (1.11) yields 
a? Y b? te e (a+b+c)? 
ab+2ca  be+2ab  ca+2bc ~ 3(ab+ be + ca) ~ 
where the last inequality follows in the same way as in the previous example. 


Exercise 1.98. (South Africa, 1995) For a, b, c, d positive real numbers, prove that 


~+r+ot—> 64 
b a ee 


Exercise 1.99. Let a and b be positive real numbers. Prove that 


8(a* + b*) > (a+b)*. 
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Exercise 1.100. Let x, y, z be positive real numbers. Prove that 
2 2 2 9 

+ ot 2 ———— 
T+y yre 242 r+ytzZ 


Exercise 1.101. Let a, b, x, y, z be positive real numbers. Prove that 
x y z 3 

+ + 2 . 

aytbz az+bxe axr+by~ a+b 


Exercise 1.102. Let a, b, c be positive real numbers. Prove that 


athe P+ +a? 
+———+ 
a+b b+c cta 


>at+b+e. 


Exercise 1.103. (i) Let x, y, z be positive real numbers. Prove that 


x y z 1 
San en en 
e+2y+3z2 yt2z+38xe 24+2x%4+3y7 2 


(ii) (Moldova, 2007) Let w, x, y, z be positive real numbers. Prove that 


w x Yy z 2 
——___ 4 —__"___iy__# gs _ lS E, 
e+2y4+3z2 yt2z+38w 24+2wt+3% wt+2e4+3y7 3 
Exercise 1.104. (Croatia, 2004) Let x, y, z be positive real numbers. Prove that 

x y? eo 3 
+ —_+____ + —______5-. 
(c+y\(@t+z)  (y+z)\yta) (z+2)(zt+y)~ 4 


Exercise 1.105. For a, b, c, d positive real numbers, prove that 


a a b ae c a d a9 
b+e ct+d dt+ta a+b” ~ 
Exercise 1.106. Let a, b, c, d, e be positive real numbers. Prove that 


a a b s Cc ae d € as) 
b+te c+d dt+e eta at+b7~ 2 


Exercise 1.107. (i) Prove that, for all positive real numbers a, b, c, x, y, 2 with 
a>b>candz>y>2>~zZ, the following inequality holds: 
GPP Spek se? s (a+b+c)3 
cy 2 Batytz) 


(ii) (Belarus, 2000) Prove that, for all positive real numbers a, b, c, x, y, z, the 
following inequality holds: 
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Exercise 1.108. (Greece, 2008) For 21, x2, ..., 2n positive integers, prove that 
2 2 2\ 4 
Ute tes+ +2 ¢ 
ee cena > A Dns 
ay +ag++:++2y 
where & = max {21,%2,...,%,} and ¢ = min {21,2%2,...,2,}. Under which con- 


dition the equality holds? 


1.7 The substitution strategy 


Substitution is a useful strategy to solve inequality problems. Making an adequate 
substitution we can, for instance, change the difficult terms of the inequality a 
little, we can simplify expressions or we can reduce terms. In this section we give 
some ideas of what can be done with this strategy. As always, the best way to do 
that is through some examples. 


One useful suggestion for problems that contain in the hypothesis an extra 
condition, is to use that condition to simplify the problem. In the next example we 
apply this technique to eliminate the denominators in order to make the problem 
easier to solve. 


Example 1.7.1. Jf a, b, c are positive real numbers less than 1, witha +b+c= 2, 


” (725) (a) (ee) 28 


After performing the substitution « = 1—a, y=1— 6, z=1-c, we obtain 
that r+ y+2=3-(atb+cec)=la=1l—-v=y42,b=2+2,c=x+y. Hence 
the inequality is equivalent to 


222) (4) (EH) 


and in turn, this is equivalent to 


(a+ y)(y + 2)(2 +2) > Bayz. 
This last inequality is quite easy to prove. It is enough to apply three times the 
AM-GM inequality under the form (x + y) > 2,/xy (see Exercise 1.26). 


It may be possible that the extra condition is used only as part of the solution, 
as in the following two examples. 


Example 1.7.2. (Mexico, 2007) If a, b, c are positive real numbers that satisfy 
a+b+c=1, prove that 


Vatbe+vVb+ca+Vct+ab < 2. 
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Using the condition a + b+ c= 1, we have that 
at+bc=a(a+b+c)+bc=(a+b)(at+c), 


then, by the AM-GM inequality it follows that 


2a+b 
Vatbe=V/(at+b)(atc)< ee 


Similarly, 
2b+ct+a 2e+at+b 
Se and Se 
Thus, after adding the three inequalities we obtain 
Vatbe+ Vb+ca+vVc+t+ab 


e Zatbte 2b+ct+a 2ce+tatb  4a+4b+4e 
— 2 2 2 - 2 


The equality holds when a+b=a+c,b+c=b+aandc+a=c+b, that is, 
when a=b=c= 


=. 


BB 


3° 
Example 1.7.3. If a, b, c are positive real numbers with ab + bc + ca = 1, prove 


that 
a b Cc 3 


Saaeene + <5, 
az+1 Vb?+1 ce+17 2 
Note that (a? + 1) = a? +ab+bc+ ca = (a+b)(a +c). Similarly, b? +1 = 
(b+ c)(b+a) and c? +1 = (c+a)(c+b). Now, the inequality under consideration 
is equivalent to 


a b c 3 
+ + << =. 
(a + b)(a +c) (b+ c)(b+a) (cta)(e+6)~ 2 
Using the AM-GM inequality, applied to every element of the sum on the left-hand 
side, we obtain 


Cc 


qos * es ee 
“l(gerah) edgier) i eest ea) -} 


Many inequality problems suggest which substitution should be made. In the 
following example the substitution allows us to make at least one of the terms in 
the inequality look simpler. 


Example 1.7.4. (India, 2002) Ifa, b, c are positive real numbers, prove that 


a bee Cries OE1RD Gs ORE 
b ec a ct+tb ate b+a 
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Making the substitution x agit a z < the left-hand side of the 
inequality is now more simple, x + y+ z. Let us see how the right-hand side 
changes. The first element of the sum is modified as follows: 


cta 14+4 14+42 ltay , ics 
— = = == 75. 
e+b 144 148 l+y 1+y 
Similarly, 
a+ -—y b+e 1l-z 
ate ere it b+a eee 


Now, the inequality is equivalent to 


a-1l y-1 2z-1 
+ a 2 
lt+y 1l+z 1+¢2 
with the extra condition xyz = 1. 
The last inequality can be rewritten as 


(a? —1)(z+1)4 (y? -—1)(e@ 4:1) + (2? -1)(y+1) > 0, 


which in turn is equivalent to 


eetyate22ytortyte22>atytzt3. 


But, from the AM-GM inequality, we have x7z+y?x+ z2y > 3¥/ax3y3z? = 3. Also, 
e+y+2> s(et+ytz) = See (etytz) > yoye(etytz)=at+ytz, 
where the first inequality follows from inequality (1.11). 

In order to make a substitution, sometimes it is necessary to work a little bit 
beforehand, as we can see in the following example. This example also helps us 
to point out that we may need to make more than one substitution in the same 
problem. 


Example 1.7.5. Let a, b, c be positive real numbers, prove that 
(a+ b)(a+c) > 2V/abc(a+b+4+c). 
Dividing both sides of the given inequality by a? and setting 2 = a y=, 
the inequality becomes 
(l+a)(1+y) >2/ay(1+a+y). 


Now, dividing both sides by xy and making the substitution r = 1+ 4, s=1+1 
the inequality we need to prove becomes 


rs > 2Vrs—1. 
This last inequality is equivalent to (rs — 2)? > 0, which become evident after 
squaring both sides and doing some algebra. 


It is a common situation for inequality problems to have several solutions 
and also to accept several substitutions that help to solve the problem. We will 
see an instance of this in the next example. 
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Example 1.7.6. (Korea, 1998) Ifa, b, c are positive real numbers such that a+b+ 
c= abc, prove that 


1 1 1 3 
Ot KK -. 
vl+@ vV14+h V1l4+e27 2 


Under the substitution x 4, y i, z i, condition a+ 6+ c = abc 


becomes ry + yz + zz = 1 and the inequality becomes equivalent to 


x "7 y ve Zz 
g+l Vy?+1 ae 
This is the third example in this section. 

Another solution is to make the substitution a = tan A, b = tan B, c= tanC. 
Since tanA + tanB + tanC = tanAtanBtanC, then A+ B+C = 7 (ora 
multiple of 7). Now, since 1 + tan? A = (cos A)~?, the inequality is equivalent to 
cos A + cos B + cosC < 3, which is a valid result as will be shown in Example 


2.5.2. Note that the Jensen inequality cannot be applied in this case because the 


function f(a) = aT is not concave in RT. 


We note that not all substitutions are algebraic, since there are trigonometric 
substitutions that can be useful, as is shown in the last example and as we will 
see next. Also, as will be shown in Sections 2.2 and 2.5 of the next chapter, there 
are some geometric substitutions that can be used for the same purposes. 


Example 1.7.7. (Romania, 2002) If a, b, c are real numbers in the interval (0,1), 
prove that 


Vabe+ (1 — a1 —b)1—0) <1. 


Making the substitution a = cos?_A, b = cos? B, c = cos? C, with A, B, C in 
the interval (0, 5), we obtain that /1—a = V1-—cos?A=sinA, V1—b=sinB 


and 71 —c=sinC. Therefore the inequality is equivalent to 
cos Acos BcosC' + sin Asin BsinC < 1. 
But observe that 


cos Acos BcosC' + sin Asin BsinC < cos AcosB+sin Asin B 
=cos(A — B) <1. 


Exercise 1.109. Let x, y, z be positive real numbers. Prove that 
ae y> ne: 
a 
g+2y3  y342z23 234 223 
Exercise 1.110. (Kazakhstan, 2008) Let x, y, z be positive real numbers such that 


xyz = 1. Prove that 
1 1 1 


ce ot 
Y2tz2 £x+xuX xryt+y 
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Exercise 1.111. (Russia, 2004) Ifn > 3 and x, x2,..., Xn are positive real numbers 
with 271%2---Xp, = 1, prove that 


1 1 1 
ltajptajr 1+224+ 272%3 1l+an+%n2%1 


Exercise 1.112. (Poland, 2006) Let a, b, c be positive real numbers such that 
ab + bc + ca = abc. Prove that 


at + b4 b4 + c# ct +a‘ 
ab(a? + 63) bc(b8 +c3) — ca(c? +. a3) ~ 


Exercise 1.113. (Ireland, 2007) Let a, b, c be positive real numbers, prove that 


1 /be ca ca az+b?+ce.  atbte 
a (er es ee ee eee 
3 \a b 6] — 3 — 3 


Exercise 1.114. (Romania, 2008) Let a, b, c be positive real numbers with abc = 8. 
Prove that 


a eee Boe 2-28 
a+1l ob4+1 c+17 — 


1.8 Muirhead’s theorem 


In 1903, R.F. Muirhead published a paper containing the study of some algebraic 
methods applicable to identities and inequalities of symmetric algebraic functions 
of n variables. 

While considering algebraic expressions of the form x{ta9?---a%", he an- 
alyzed symmetric polynomials containing these expressions in order to create a 
“certain order” in the space of n-tuples (a1, a2,...,@,) satisfying the condition 
a, 242 2°+++ 2 An. 

We will assume that x; > 0 for all 1 <i <n. We will denote by 


do, Fei.) en) 


the sum of the n! terms obtained from evaluating F' in all possible permutations 


of (@1,...,2n). We will consider only the particular case 
F(a1,...,%) =xya5?---a%" with x; > 0, a; > 0. 
We write [a] = [a1,@2,...,@n] = 4 xj'a5”---a*". For instance, for the vari- 


ables x, y, z > 0 we have that 


[1,1] = xy, (1, 1,1] = zyz, 21,0] = shay +2) + 7%(et2)+ ety) 
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It is clear that [a] is invariant under any permutation of the (a1,a2,...,a,) and 

therefore two sets of a are the same if they only differ in arrangement. We will 

say that a mean value of the type [a] is a symmetrical mean. In particular, 

leet renee 0) fe GN (g, + a2 +++++2%p) = + DL, 2; is the arithmetic mean 
al; 


and [4,4,...,4] = ah (pF -ag ++ ah) = %/F1X2---T, is the geometric mean. 
When a; +a2+---+a, = 1, [a] is a common generalization of both the arithmetic 
mean and the geometric mean. 

If ay > ag > +++ > ay and by > bg > --- > by, usually [b] is not comparable 
to [a], in the sense that there is an inequality between their associated expressions 
valid for all n-tuples of non-negative real numbers 21, £2, ..., Xn- 


Muirhead wanted to compare the values of the symmetric polynomials [a] and 
(b] for any set of non-negative values of the variables occurring in both polynomials. 


From now on we denote (a) = (a1, d2,..., Qn). 


Definition 1.8.1. We will say that (b) ~ (a) ((b) is majorized by (a)) when (a) and 
(b) can be rearranged to satisfy the following two conditions: 


(2) Sob; < So ai for alll<v<n. 
i=1 i=l 


It is clear that (a) < (a) and that (b) ~ (a) and (c) ~ (b) implies (c) ~ (a). 


Theorem 1.8.2 (Muirhead’s theorem). [b] < [a] for any n-tuple of non-negative 
numbers (#1, %2,..-,%n) if and only if (b) ~ (a). Equality takes place only when 
(b) and (a) are identical or when all the x;s are equal. 


Before going through the proof, which is quite difficult, let us look at some 
examples. First, it is clear that [2,0,0] cannot be compared with [1,1, 1] because 
the first condition in Definition 1.8.1 is not satisfied, but we can see that [2,0, 0] > 
(1, 1,0], which is equivalent to 


a +y?+ 2° > ay + yz+ 20. 
In the same way, we can see that 
1. 22+ y? > 2ay © [2,0] > [1,1], 
2. a +y? + 2° > 3xyz = [3,0,0] > [1,1, 1], 


3. 2 +y° > ay? + 27y? & [5,0] > [3,2], 


A. ay? 42? +22? > aye yee + 2? ay (2; 2,0] > (2,1, 1], 
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and all these inequalities are satisfied if we take for granted Muirhead’s theorem. 


Proof of Muirhead’s theorem. Suppose that [b] < [a] for any n positive numbers 
1, 22,.--, Ln. Taking x; = 2, for all 7, we obtain 


gr % = [b] < [a] = a %, 


This can only be true for all x if )>b; = Yo aj. 

Next, take 7} = @g =--+ = @) = 2%, U4) =+:' = 2%, =1 and z very large. Since 
(b) and (a) are in decreasing order, the index of the highest powers of x in [b] and 
[a] are 


by +ba+++-+6,, G1 +a2+---+ap, 
respectively. Thus, it is clear that the first sum can not be greater than the second 
and this proves (2) in Definition 1.8.1. 
The proof in the other direction is more difficult to establish, and we will 
need a new definition and two more lemmas. 
We define a special type of linear transformation T of the a’s, as follows. 
Suppose that a, > a;, then let us write 


pe ptr a =p-T O<7 <p): 


If now 0 <0 <7 <p, then a T-transformation is defined by 


T+o T-O 
aE =b — ms’ 
(ax) ed 2T Se: 2T me 
T-O Tto 
T = = _ = 
(ai) =b, =p-—o = ap + 57 Ms 


T (av) = ay (v # kv a l). 
If (6) arises from (a) by a T-transformation, we write b = Ta. The definition does 
not necessarily imply that either the (a) or the (b) are in decreasing order. 
The sufficiency of our comparability condition will be established if we can prove 
the following two lemmas. 


Lemma 1.8.3. [fb = Ta, then [b] < [a] with equality taking place only when all the 
x;’s are equal. 


Proof. We may rearrange (a) and (6) so that k = 1, ] = 2. Thus 
[a] — [b] ae [o+7,p—T,43,...]— [op +o,p—90,43,...] 


_ ag a p+T p-—T P-T ,,e+T 
Sar ase EA (ap ah" + ay ah") 


with equality being the case only when all the x,’s are equal. 
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Lemma 1.8.4. If (b) ~ (a), but (b) is not identical to (a), then (b) can be derived 
from (a) using the successive application of a finite number of T-transformations. 


Proof. We call the number of differences a,—b, which are not zero, the discrepancy 
between (a) and (0). If the discrepancy is zero, the sets are identical. We will prove 
the lemma by induction, assuming it to be true when the discrepancy is less than 
r and proving that it is also true when the discrepancy is r. 

Suppose then that (b) ~< (a) and that the discrepancy is r > 0. Since 
ee Gi = OL, bi, and O(a, — b,) = 0, and not all of these differences are zero, 
there must be positive and negative differences, and the first which is not zero 
must be positive because of the second condition of (b) < (a). We can therefore 
find & and J such that 


be < ak, beer = Grp, --- 5 I-11 = at-1, 01 > ai; (1.12) 


that is, a; — b; is the first negative difference and ax, — by is the last positive 
difference which precedes it. 
We take a, = p +7, a1 =p —T, and define ao by 


o = max(|be — p| , |b — p)). 


Then 0 < 7 < p, since ax > q. Also, one (possible both) of bj — p = —o or 
by — p = c is true, since by > bj, and a < 7, since by < ax and b; > ay. Hence 
O<a0<TK<p. 

We now write a, =p+o,a,=p—o0,a,=a, (V#k, vl). If bh, —p=a, 
aj, = bp, and if b; — p = —o, then a} = by. Since the pairs ax, by and a), bj each 
contributes one unit to the discrepancy r between (b) and (a), the discrepancy 
between (b) and (a’) is smaller, being equal to r — 1 or r — 2. 

Next, comparing the definition of (a’) with the definition of the T-transfor- 
mation, and observing that 0 < o < Tr < p, we can infer that (a’) arises from (a) 
by a T-transformation. 

Finally, let us prove that (b) ~ (a’). In order to do that, we must verify that 
the two conditions of ~ are satisfied and that the order of (a’) is non-increasing. 
For the first one, we have 


nm n n 
a, +a, = 2p =apr+ ay, » bi = D a; = D G;. 
i=1 i=1 i=l 


For the second one, we must prove that 


by tbo +--+ +b, <a tah+---+ai,. 


Now, this is true if vy < k or vy > 1, as can be established by using the definition of 
(a’) and also the second condition of (b) < (a). It is true for v = k, because it is 
true for vy = k— 1 and by < aj, and it is true for k < v < 1 because it is valid for 
v =k and the intervening b and a’ are identical. 
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Finally, we observe that 
bi < pt |be — pl S< pt+o=a, 


b = p— | — p| => p-—o = 4, 
and then, using (1.12), 


Gy-1 = Ak-1 > ah =Pt+T>pto=ay > dy > dep1 = Akt = Ap 41, 


/ / / 
ay = 4-1 =b-1 > Sa =p-—a>p-—T=a4a, > ay41 = ayy. 


The inequalities involving a’ are as required. 

We have thus proved that (b) ~ (a’), a set arising from (a) using a transfor- 
mation T and having a discrepancy from (0) of less than r. This proves the lemma 
and completes the proof of Muirhead’s theorem. 


The proof of Muirhead’s theorem demonstrates to us how the difference be- 
tween two comparable means can be decomposed as a sum of obviously positive 
terms by repeated application of the T-transformation. We can produce from this 
result a new proof for the AM-GM inequality. 


Example 1.8.5 (The AM-GM inequality). For real positive numbers yi, yo, .--, 


Yn> 
Yi + Y2 +++ + Yn 


n 


> WY1Y2°° Yn: 


Note that the AM-GM inequality is equivalent to 


n 
1 nm 
= s XL, 2 L1X2°°+ Ln, 
n 4 

i=l 


where 7j = ~/Yi- 
Now, we observe that 


1 

—\°a? = [n,0,0,...,0] and aja2--- a, = [1,1,...,1]. 
n - 

By Muirhead’s theorem we can show that 


[n,0,0,...,0] > [1,1,...,1]. 


Next, we provide another proof for the AM-GM inequality, something we 
shall do by following the ideas inherent in the proof of Muirhead’s theorem in 
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order to illustrate how it works. 
—S ax? — (a1 %2+++tp) = [n,0,0,...,0] — [1,1,...,1] 


= ([n,0,0,...,0] — [n —1,1,0,...,0]) 
£1645 0 nS A Oy) 
Ee SO GOs 280) = pe 0 20) 
Fie oe ee ae Aled sere A) 


=5 (Ser — #37*)(a1 — 22) 
7 der — a23~*)(a1 — #2) 
+ der = ah) (ay _ L2)U3h4 4.. -) . 


Since (a¥ — «¥)(a, — xs) > 0, unless x, = x5, the inequality follows. 


Example 1.8.6. Ifa, b are positive real numbers, then 


Ve + je > Vat vo. 
Setting « = a, y = Vb and simplifying, we have to prove 
a? +y? > xy(x+y). 
Using Muirhead’s theorem, we get 
3,0] = (2° +9) > Seu(e+y) = 24), 


and thus the result follows. 


Example 1.8.7. Ifa, b, c are non-negative real numbers, prove that 
a’ +b? +c +abe> a(a+b+ 0) 
It is not difficult to see that 
(a+6+c)® = 3[3, 0,0] + 18[2, 1,0] + 36[1, 1,1). 


Then we need to prove that 


1 
3[3,0,0] + 6[1, 1,1] > =(3[3,0,0] + 18[2, 1,0] + 36[1, 1, 1), 
that is, 
18 36 18 
— — =) (1,1,1)> [2,1 
P(3,0.0]+ (6-2) .11)> F219 
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1 
= ((3,0,0] ~ | [2, 1, 0]) +(6- 2) ao. 


This follows using the inequalities [3,0,0] > [2,1,0] and [1,1,1] > 0. 


Example 1.8.8. Ifa, b, c are non-negative real numbers, prove that 


awt+h P+ +a? a bw ro 
< +—+—. 
2c 2a 2b be ca ab 


at+b+c< 


The inequalities are equivalent to the following: 
2(a?bc + ab*c + abc”) < ab(a? + b?) + be(b? + c?) + ca(c? + a7) < 2(a* + b* + c4), 


which is in turn equivalent to [2,1,1] < [3,1,0] < [4,0,0]. Using Muirhead’s theo- 
rem we arrive at the result. 


Exercise 1.115. Prove that any three positive real numbers a, b and c satisfy 
a+b? +0 > abet b'ca+ Cab. 


Exercise 1.116. (IMO, 1961) Let a, b, c be the lengths of the sides of a triangle, 
and let (ABC) denote its area. Prove that 


4/3(ABC) <a? +b? +e’. 
Exercise 1.117. Let a, b, c be positive real numbers. Prove that 
a b Cc 9 
— SSS SSS aS SSS 
(a+b)(atc) (b+c)(b+a) (c+a)(c+b)~ 4(a+b+c) 
Exercise 1.118. (IMO, 1964) Let a, b, c be positive real numbers. Prove that 
a? +b? +c? + 3abe > ab(a + b) + be(b +c) + ca(c +a). 


Exercise 1.119. (Short list Iberoamerican, 2003) Let a, b, c be positive real num- 
bers. Prove that 


a? p3 fous 


iy ee b 
Pope peaerraet a Tape as 


Exercise 1.120. (Short list IMO, 1998) Let a, b, c be positive real numbers such 
that abc = 1. Prove that 


a? b? fo 
Grae aeojtea Ceanien —£ 


w 


Chapter 2 


Geometric Inequalities 


2.1 Two basic inequalities 


The two basic geometric inequalities we will be refering to in this section involve 
triangles. One of them is the triangle inequality and we will refer to it as D1; the 
second one is not really an inequality, but it represents an important observation 
concerning the geometry of triangles which points out that if we know the greatest 
angle of a triangle, then we know which is the longest side of the triangle; this 
observation will be denoted as D2. 


D1. If A, B and C are points on the plane, then 
AB+ BC > AC. 


Moreover, the equality holds if and only if B lies on the line segment AC. 
D2. In a triangle, the longest side is opposite to the greatest angle and vice versa. 
Hence, if in the triangle ABC we have ZA > ZB, then BC > CA. 


Exercise 2.1. (i) If a, b, c are positive numbers with a < b+ c¢, b < c+a and 

c<a+b, then a triangle exists with side lengths a, b and c. 
(ii) To be able to construct a triangle with side lengths a < b < ¢, it is sufficient 

that c< a+b. 

(iii) It is possible to construct a triangle with sides of length a, b and c if and 
only if there are positive numbers z, y, z such thata=a+y,b=y+z and 
C= Z4+%a. 

Exercise 2.2. (i) If it is possible to construct a triangle with side-lengths a < b < 
c, then it is possible to construct a triangle with side-lengths //a < Vb < Ve. 


(ii) The converse of (i) is false. 
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(iii) If it is possible to construct a triangle with side-lengths a < b < c, then it is 
possible to construct a triangle with side-lengths >, s+: and sy. 

Exercise 2.3. Let a, 6, c, d and e be the lengths of five segments such that it is 

possible to construct a triangle using any three of them. Prove that there are three 


of them that form an acute triangle. 


Sometimes the key to solve a problem lies in the ability to identify certain 
quantities that can be related to geometric measurements, as in the following 
example. 


Example 2.1.1. If a, b, ¢ are positive numbers with a? + b? — ab = c?, prove that 
(a — b)(b—c) <0. 


Since c? = a? + b? — ab = a? +b? — 2ab cos 60°, we can think that a, b, c are 
the lengths of the sides of a triangle such that the measure of the angle opposed 
to the side of length c is 60°. The angles of the triangle ABC satisfy ZA < 60° 
and ZB > 60°, or ZA > 60° and ZB < 60°; hence, using property D2 we can 
deduce that a <c<bora>c®b. In any case it follows that (a — b)(b—c) < 0. 


Observation 2.1.2. We can also solve the example above without the identification 
of a, b and c with the lengths of the sides of a triangle. 
First suppose that a < b, then the fact that a? + b? — ab = c? implies that 
a(a—b) = c? —b? = (c—b)(c+b), hence c—b < 0 and therefore (a—b)(b—c) < 0. 
Similarly, a > b implies c— b> 0, and hence 


(a—b)(b—c) <0. 


Another situation where it is not obvious that we can identify the elements 
with a geometric inequality, or that the use of geometry may be helpful, is shown 
in the following example. 


Example 2.1.3. Ifa, b, c are positive numbers, then 


Vat? +tact+ c2 < Va? —ab4+ 0? + Vb? — be+ c?. 


The radicals suggest using the cosine law with angles of 120° and of 60° as 
follows: a? + ac+ c? = a? +c? — 2ac cos 120°, a? — ab + b? = a? +b? — 2ab cos 60° 
and b? — be + c? = b? + c? — 2be cos 60°. 


A 


Was 
a, 


B 
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Then, if we consider a quadrilateral ABCD, with ZADB = ZBDC = 60° and 
ZADC = 120°, such that AD = a, BD = band CD = c, we can deduce that AB = 
Va? —ab+ b?, BC = Vb? — bc+ c2 and CA = Va? +ac+c?. The inequality we 


have to prove becomes the triangle inequality for the triangle ABC. 
Exercise 2.4. Let ABC be a triangle with 7A > ZB, prove that BC > 5 AB. 
Exercise 2.5. Let ABCD be a convex quadrilateral, prove that 

(i) if AB+ BD < AC+CD, then AB < AC, 

(ii) if ZA > ZC and ZD > ZB, then BC > $AD. 


Exercise 2.6. If a1, a2, a3, a4 and as are the lengths of the sides of a convex 
pentagon and if d,, dz, ds, d4 and ds are the lengths of its diagonals, prove that 


a, +7 a2 + 43 7 A4 7 a5 
<1 


1 
eae SS Pe eo ar 


Exercise 2.7. The length m, of the median AA’ of a triangle ABC satisfies my > 
b+c—a 
a 


Exercise 2.8. If the length m, of the median AA’ of a triangle ABC satisfies 
Ma > $a, prove that ZBAC < 90°. 


Exercise 2.9. If AA’ is the median of the triangle ABC and if AB < AC, then 
ZBAA' > ZA'AC. 


Exercise 2.10. If ma, mp and m, are the lengths of the medians of a triangle with 
side-lengths a, b and c, respectively, prove that it is possible to construct a triangle 
with side-lengths mg, mp and m,-, and that 


3 
qatb+e) <ma time +me<atbte. 


Exercise 2.11. (Ptolemy’s inequality) If ABCD is a convex quadrilateral, then 
AC. BD < AB-CD+ BC. DA. The equality holds if and only if ABCD is a 
cyclic quadrilateral. 


Exercise 2.12. Let ABCD be a cyclic quadrilateral. Prove that AC > BD if and 
only if (AD — BC)(AB — DC) > 0. 


Exercise 2.13. (Pompeiu’s problem) Let ABC be an equilateral triangle and let 
P be a point that does not belong to the circumcircle of ABC. Prove that PA, 
PB and PC are the lengths of the sides of a triangle. 


Exercise 2.14. If ABCD is a paralelogram, prove that 


|AB? — BC?| < AC - BD. 
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Exercise 2.15. If a, b and c are the lengths of the sides of a triangle, m,, mp and 
Me represent the lengths of the medians and R is the circumradius, prove that 
7 a a 2 2 
(i) TO gE ee ee 
Me Ma ™b 
(ii) mMa(be — a?) + me(ca — b?) + m-(ab — c?) > 0. 
Exercise 2.16. Let ABC be a triangle whose sides have lengths a, b and c. Suppose 
that c > b, prove that 


1 3 
5 (e— 4) <mMp— Me < gle 4), 
where mp and m, are the lengths of the medians. 
Exercise 2.17. (Iran, 2005) Let ABC be a triangle with ZA = 90°. Let D be the 


intersection of the internal angle bisector of 7A with the side BC and let I, be 
the center of the excircle of the triangle ABC opposite to the vertex A. Prove that 


AD 
<v2-1. 
pr, <¥2 


2.2 Inequalities between the sides of a triangle 


Inequalities involving the lengths of the sides of a triangle appear frequently in 
mathematical competitions. One sort of problems consists of those where you are 
asked to prove some inequality that is satisfied by the lengths of the sides of a 
triangle without any other geometric elements being involved, as in the following 
example. 


Example 2.2.1. The lengths a, b and c of the sides of a triangle satisfy 
a(b+c—a) < 2be. 


Since the inequality is symmetric in b and c, we can assume, without loss of 
generality, that c < b. We will prove the inequality in the following cases. 
Case l.a< b. 
Since they are the lengths of the sides of a triangle, we have that b < a+ c; then 


2b 
Peta hepa yee eee ee 
a 


Case 2. a> 6. 
In this case b— a < 0, and since a < b+ c < 2b, we can deduce that 
2b 
b+c-a=c+b-aK<cK< aaa 
a 


Another type of problem involving the lengths of the sides of a triangle is 
when we are asked to prove that a certain relationship between the numbers a, b 
and c is sufficient to construct a triangle with sides of the same length. 
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Example 2.2.2. (i) Ifa, b, c are positive numbers and satisfy, (a? +b? + c2)* > 
2 (a4 +b4+ oe), then a, b and c are the lengths of the sides of a triangle. 


(ii) Ifa, b, c, d are positive numbers and satisfy 
(2404240)? >3(at+h4+c4+4a4), 
then,using any three of them we can construct a triangle. 


For part (i), it is sufficient to observe that 


(a2 +0? +0?) -2(at +b4 +4) = (atbt+o(atb c)(a—b+c)(—a+b+c) > 0, 


and then note that none of these factors is negative. Compare this with Example 
1.2.5. 


For part (ii), we can deduce that 
a(t a te +e) < (esr ee +e) 


a+ht+e a+h4+c? 2 z 
= eee ame Raa Ra 


2 2 2\ 2 2 2 2\ 2 2 
<{(° thee +(2 aaa att (v8) 


The second inequality follows from the Cauchy-Schwarz inequality; hence, a+ + 


44 4 (a?+¥2+e2)" 
b* +c < 2+—_—— _  .. Using the first part we can deduce that a, b and c can be 
g 


used to construct a triangle. Since the argument we used is symmetric in a, b, c 
and d, we obtain the result. 


There is a technique that helps to transform one inequality between the 
lengths of the sides of a triangle into an inequality between positive numbers (of 
course related to the sides).This is called the Ravi transformation. 

If the incircle (I,r) of the triangle ABC is tangent to the sides BC, CA 
and AB at the points X, Y and Z, respectively, we have that x = AZ = YA, 
y=ZB=BX andz=XC=CY. 


It is easily seen thata =y+2,b=2+2,c=a+y,r%=s-—a,y=s-—band 
z=8—c, where s = te, 


Let us now see how to use the Ravi transformation in the following example. 
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Example 2.2.3. The lengths of the sides a, b and c of a triangle satisfy 
(b+c—a)(c+a—b)(a+b—c) < abe. 
First, we have that 
(b+ c—a)(c+a—b)(a+b—c) = 8(s —a)(s — b)(s —c) = Bayz, 


on the other hand 
abe = (a + yy + 2)(z +2). 


Thus, the inequality is equivalent to 
Bayz < (e+ y)(y +22 +2). (2.1) 


The last inequality follows from Exercise 1.26. 
Example 2.2.4. (APMO, 1996) Let a, b, c be the lengths of the sides of a triangle, 


prove that /a+b—c+Vb+ce—a4+vVcet+a—b< Vat+vb+ ve. 


If we seta =y+z2,b=2z+2,c=2x+y, we can deduce that a+b—c= 2z, 
b+c—a=22,c+a—b= 2y. Hence, the inequality is equivalent to 


V2a+ V/2yt+V22< Vetyt+vVytez4+vVv24+o. 


Now applying the inequality between the arithmetic mean and the quadratic mean 
(see Exercise 1.68), we get 


Paap a EO 


pee ye ae 


HSVEI+ytVyYteZ+vVZ2Z+ 92. 


Moreover, the equality holds if and only if « = y = z, that is, if and only if 
a=b=c. 


Also, it is possible to express the area of a triangle ABC, its inradius, its 
circumradius and its semiperimeter in terms of x, y, z. Sincea=ax+y,b=ytz 
and c= z+ 42, we first obtain that s = athe =x+y-+z. Using Heron’s formula 
for the area of a triangle, we get 


(ABC) = \V/s(s — a)(s — b)(s —c) = V(x t y+ z)ryz. (2.2) 


The formula (ABC) = sr leads us to 


= (ABC) _ 4/ Vletyt 2)ayz Cyz 
7 8 r+ytz oe 
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Finally, from (ABC) = abe we get 


(e+ yyt+2e+0) 


R= 
AV/(a + yt z)xyz 


Example 2.2.5. (India, 2003) Let a, b, c be the side lengths of a triangle ABC. If 
we construct a triangle A’ B’C’ with side lengths a + g b+ $, e+ $, prove that 
(A’B’C’) > 2(ABC). 


Sincea =y+2z,b=2+2andc=2+¥, the side lengths of the triangle 
A'B'C’ area’ = erty ts = Setyre d= Petey Using Heron’s formula for 
the area of a triangle, we get 


(A'B'O") = se ia ee 


Applying the AM-GM inequality to show that 22+ y > 3¥/a?y, 2ytz > 3¥/y?z, 
22+a > 3V 22x, will help to reach the inequality 


3(e+yt z)27(xyz) _ 2 (ABC). 


A'B'C')> a 
( Gye 16 4 


Equation (2.2) establishes the last equality. 
Exercise 2.18. Let a, b and c be the lengths of the sides of a triangle, prove that 
3(ab+ be + ca) < (a+b+c)? < 4(ab+ be + ca). 
Exercise 2.19. Let a, b and c be the lengths of the sides of a triangle, prove that 
ab+be+ca<a?+b?4+c? < 2(ab+ bc + ca). 
Exercise 2.20. Let a, b and c be the lengths of the sides of a triangle, prove that 
2 (a7 +0? +c?) <(atb+c)’. 
Exercise 2.21. Let a, b and c be the lengths of the sides of a triangle, prove that 


a b Cc 


7 eau aad 


— Di, 
b+c cta 


wl ew 
IA 


Exercise 2.22. (IMO, 1964) Let a, b and c be the lengths of the sides of a triangle, 
prove that 


a’ (b+c—a)+b?(ce+a—b)+c7(a+b-—c) < Sabe. 
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Exercise 2.23. Let a, b and c be the lengths of the sides of a triangle, prove that 
a(b? +c” —a’) + b(c? +a? —b’) +c(a* +b? —c’) < 3abce. 


Exercise 2.24. (IMO, 1983) Let a, b and c be the lengths of the sides of a triangle, 
prove that 
a*b(a — b) + b?c(b — ce) + c’a(c — a) > 0. 


Exercise 2.25. Let a, b and c be the lengths of the sides of a triangle, prove that 


a—b b-c cra 


a+b b+e ea | os 


Exercise 2.26. The lengths a, b and c of the sides of a triangle satisfy ab+bc+ca = 3. 
Prove that 


3<atb+c< 2v3. 


Exercise 2.27. Let a, b, c be the lengths of the sides of a triangle, and let r be the 
inradius of the triangle. Prove that 


Ad ws 


bcm Qr- 


Exercise 2.28. Let a, b, c be the lengths of the sides of a triangle, and let s be the 
semiperimeter of the triangle. Prove that 


(i) (s —a)(s— 6) < ab, 


ab+ bc+ ca 


(i) (8 —a)(s—b) + (s-B)(s—0) + (s—a)(s—a) <M 


Exercise 2.29. If a, b, c are the lengths of the sides of an acute triangle, prove that 


s, a2 +2 —- Va? -BP4+2 <a? +b? 4+’, 


cyclic 


where )> stands for the sum over all cyclic permutations of (a, b,c). 


cyclic 
Exercise 2.30. If a, b, c are the lengths of the sides of an acute triangle, prove that 


Py a? + b? — c/a? — b? +c? < abt+ bc+ ca, 


cyclic 


where )> represents the sum over all cyclic permutations of (a, b,c). 


cyclic 
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2.3 The use of inequalities in the geometry of the 
triangle 


A problem which shows the use of inequalities in the geometry of the triangle was 
introduced in the International Mathematical Olympiad in 1961; for this problem 
there are several proofs and its applications are very broad, as will be seen later 
on. Meanwhile, we present it here as an example. 


Example 2.3.1. If a, b and c are the lengths of the sides of a triangle with area 
(ABC), then 4V3(ABC) < a? +b? + c?. 


Since an equilateral triangle of side-length a has area equal to VB .q2, the 
equality in the example holds for this case; hence we will try to compare what 
happens in any triangle with what happens in an equilateral triangle of side length 


a. 


A 


B d OD e C 


Let BC = a. If AD is the altitude of the triangle at A, its length h can be expressed 
ash = Bq + y, where y measures its difference in comparison with the length 
of the altitude of the equilateral triangle. We also set d= $-—ax ande=$+42, 
where x can be interpreted as the difference that the projection of A on BC has 
with respect to the projection of A on BC in an equilateral triangle, which in this 


case is the midpoint of BC. We obtain 
2 2 h 
a? + b? + c? — 4V/3(ABC) = a? +h? + (5 +2) +h? + (5 -2) 43> 


= =a Oh? 0g = OA/3G (Seas) 


3 v3 ‘ 
= a +2 (ee + ’ +207 — 3a? — 2vV3ay 


= -a‘+ sa + 2V3ay + 2y? +227 — 34? — 2vV3ay 
= (a7 +y*) > 0. 


Moreover, the equality holds if and only if = y = 0, that is, when the triangle is 
equilateral. 
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Let us give another proof for the previous example. Let ABC be a triangle, 
with side-lengths a > b > c, and let A’ be a point such that A’ BC is an equilateral 
triangle with side-length a. If we take d = AA’, then d measures, in a manner, 
how far is ABC from being an equilateral triangle. 


d? = a? +c — 2accos(B — 60°) 


=a’ +c? — 2ac(cos B cos 60° + sin B sin 60°) 


in B 
=a?+c? —accosB— oe pats 


2 2 ee 


=a re —ac 


ae ) — 2V3(ABC) 
2 2 2 
ae + b +c io V3 


; (ABC). 


But d? > 0, hence we can deduce that 4\/3(ABC) <a? +b? +c’, which is what 
we wanted to prove. Moreover, the equality holds if d = 0, that is, if A’ = A or, 
equivalently, if ABC is equilateral. 


It is quite common to find inequalities that involve elements of the triangle 
among mathematical olympiad problems. Some of them are based on the following 
inequality, which is valid for positive numbers a, b, c (see Exercise 1.36 of Section 
1.3): 


a4b+g (+e +2) 29. (2.3) 


Moreover, we recall that the equality holds if and only if a= b=c. 


Another inequality, which has been very helpful to solve geometric-related 
problems, is Nesbitt’s inequality (see Example 1.4.8 of Section 1.4). It states that 
for a, b, c positive numbers, we always have 


IV 
No] co 


(2.4) 
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The previous inequality can be proved using inequality (2.3) as follows: 


a b Cc a+b+c at+b+e a+bt+e 3 


+ SS 
b+e cta atb b+e cta a+b 


=(a4b+0)( : + : + : }-3 


b+e cta atb 


=F llat+d)+(b+0)+(e+a)}: (tte) 


9 
>=- ==, 
— 2 } 2 


The equality holds if and only ifa+b=b+c=c+a, or equivalently, if a=b=c. 
Let us now observe some examples of geometric inequalities where such re- 
lationships are employed. 


Example 2.3.2. Let ABC be an equilateral triangle of side length a, let M be a 

point inside ABC and let D, E, F be the projections of M on the sides BC, CA 

and AB, respectively. Prove that 

1 1 1 6V3 

ee ee eas 
MD ME MF a 

1 1 1 3V3 

(ii) oe 
MD+ME ME+MF MF+MD a 


= 


A 


Let ¢ = MD, y = ME and z = MF. Remember that we denote the area of 
the triangle ABC as (ABC), then (ABC) = (BCM) + (CAM) + (ABM), hence 
ah = ax + ay + az, where h = v3 a represents the length of the altitude of ABC. 
Therefore, h = «+ y+ z. (This result is known as Viviani’s lemma; see Section 
2.8). Using inequality (2.3) we can deduce that 


fy SEY on ith 1 
h (+ oRerraR *) >9 and, after solving, that — + 
eye v 
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To prove the second part, using inequality (2.3), we can establish that 


1 1 1 
(atytyt2z+242) + + > 9. 
E+y ytz 2424 


1 1 1 9 _ 3Vv3 
Therefore, Gia” pie es > Dh > as: 


Example 2.3.3. If ha, hy and he are the lengths of the altitudes of the triangle 
ABC, whose incircle has center I and radius r, we have 
r r 


(i) P+o+p=1 
dig Figs elias? 


(ii) ha + hp + he > 9r. 


In order to prove the first equation, observe that — = <4 = Cae. Simi- 
(ICA) rr _ (IAB) 


larly, ie = (ABC)? he = (ABC): Adding the three equations, we have that 


ryan rn _ UBC), GCA), (IAB) 


ha hyp he (ABC) (ABC) | (ABC) 


_ (EBC) + (ICA) + (IAB) _, 
SEL 3/0) 


A 


vise 


The desired inequality is a straightforward consequence of inequality (2.3), since 
(ha + hy + he) (t+4+4) op Op. 


Example 2.3.4. Let ABC be a triangle with altitudes AD, BE, CF and let H be 
its orthocenter. Prove that 
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A 


D 


To prove part (i), consider S = (ABC), S; = (HBC), Sy = (HCA), S3 = 
(HAB). Since triangles ABC and HBC share the same Bese their area ratio is 
equal HOT se that is, St = a. Similarly, 2 = ae and Sa = =e 
Then, 4p + Bet Ge=l. 

Using inequality (2.3) we can state that 

(Z BE a) (3 HE ar) 29. 


HD | HE HF) \AD BE CF 


If we substitute the equality previously calculated, we get (i). 


Moreover, the equality holds if and only if ae = ae = ae = 5 that is, 
if S$; = Sp = $3 = 35. To prove the aa part ope that ao — q+ 
_ Si iyo . . 
wo = ae and ey ae = ss and af =a 75 S, then using Nesbitt’s 
inequality leads to #9 + #8 4 HF > 3. 


Example 2.3.5. (Korea, 1995) Let Abe be a triangle and let L, M, N be points 
on BC, CA and AB, respectively. Let P, Q and R be the intersection points of 
the lines AL, BM and CN with the circumcircle of ABC, respectively. Prove that 


Let A’ be the midpoint of BC, let P’ be the midpoint of the arc BC, let D 
and D’ be the projections of A and P on BC, respectively. 

It is clear that ats 42 S24 Tar . Thus, the minimum value of abt ot NE me 
is attained when P, Q and R are the midpoints of the arcs BC, CA and AB. This 
happens when AL, BM and CN are the internal angle bisectors of the triangle 
ABC. Hence, without loss of generality, we will assume that AL, BM and CN 


are the internal angle bisectors of ABC. Since AL is an internal angle bisector, we 


have® 
ca ba 2 a 2 
BL= , LC = —— and AL*=bcel{1—- : 
b+e b+e b+e 


®See [6, pages 74 and 105] or [9, pages 10,11]. 
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Moreover, 
2 
AL AL? AL? (vo) (1- (s8:)) _ (b+0?-@ 
LP AL-LP BL-LC abe” a a2 , 


(b+e)? 
Similarly, for the internal angle bisectors BM and CN, we have 


BM _ (c+a)?—0? d CN (a+b?-@ 
MQ b2 Me. SNR eo 


Therefore, 


AL BM | CN _ cta\* (a+b \’ 
pope 4 So 
LP MOQ t NR a b Cc 
1 
3 
1 
3 


b+ cta a+b 3 
=x + —3 
a b Cc 


(6)? -3=9. 


The first inequality follows from the convexity of the function f(x) = x? and the 
second inequality from relations in the form ¢ + B > 2. Observe that equality 
holds if and only ifa=b=c. 

Another way to finish the problem is the following: 


b+e cta : a+b\? 
+ + —3 
a b Cc 
ao? b? Cc? Cc a? ab be ca 
= ae) + atR + mira +2 eo ae Be —3 


2>2-342-3-3=9. 
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Here we made use of the fact that a + a > 2 and that “ + os + ee > 


3 3/ (ab) (hey (ca) = 3. 


Example 2.3.6. (Shortlist IMO, 1997) The lengths of the sides of the hexagon 
ABCDEF satisfy AB = BC, CD = DE and EF = FA. Prove that 


BC PE PAX? 
BE DA FC7~ 2 
B 


E 
Set a = AC, b = CE andc = EA. Ptolemy’s inequality (see Exercise 2.11), applied 
to the quadrilateral ACE F, guarantees that AE- FC < FA-CE+AC-EF-. Since 
EF = FA, we have that c- FC < FA-b+ FA-a. Therefore, 


FA c 

a 

FC ~ a+b 
Similarly, we can deduce the inequalities 


BC a ‘i DE. b 
b+e se DA~ c+a 


B 
Hence, ge + ge ge a ee eee ee 3; the last inequality is Nesbitt’s 


cta a+b 


inequality. 


Exercise 2.31. Let a, b, c be the lengths of the sides of a triangle, prove that: 


a b Cc 
ye Se 
(i b+e-a cta-—b at+b-c™ ”’ 
b+c-a cta-b a+b-c 
i) Se ee ee 
(i) a b Cc ~ 
Exercise 2.32. Let AD, BE, CF be the altitudes of the triangle ABC and let PQ, 
PR, PS be the distances from a point P to the sides BC, CA, AB, respectively. 


Prove that 


AD | BE CF. , 
PQ" PR’ PS -”* 
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Exercise 2.33. Through a point O inside a triangle of area S three lines are drawn 
in such a way that every side of the triangle intersects two of them. These lines 
divide the triangle into three triangles with common vertex O and areas $1, S2 
and $3, and three quadrilaterals. Prove that 

1 2 3 

a, oll 1 1 18 
(ii) —+— >=. 

S, Sp 837 S§ 
Exercise 2.34. The cevians AL, BM and CN of the triangle ABC concur in P. 
Prove that dt + 2 + cn = 6 if and only if P is the centroid of the triangle. 
Exercise 2.35. The altitudes AD, BE, CF intersect the circumcircle of the triangle 
ABC in D’, E"’ and F’, respectively. Prove that 
. AD BE CF 
(i) 29; 
DD! EE FF' 

., AD BE CE - 9 

“) ap + Bet OF Aa 
Exercise 2.36. In the triangle ABC, let Ig, ly, I. be the lengths of the internal 
bisectors of the angles of the triangle, and let s and r be the semiperimeter and 
the inradius of ABC. Prove that 


(i) lalole < rs?, 
(ii) Lalo + lle + lela < 8”, 
(iii) P+ +2? < 8”. 
Exercise 2.37. Let ABC be a triangle and let M, N, P be arbitrary points on the 


line segments BC, CA, AB, respectively. Denote the lengths of the sides of the 
triangle by a, b, c and the circumradius by R. Prove that 


be a ca a ab <6R 
AM BN CP” ~ 


Exercise 2.38. Let ABC be a triangle with side-lengths a, b, c. Let ma, mp and 
me be the lengths of the medians from A, B and C, respectively. Prove that 


max {ama,bmp,cme} < sR, 


where R is the radius of the circumcircle and s is the semiperimeter. 


2.4 Euler’s inequality and some applications 


Theorem 2.4.1 (Euler’s theorem). Given the triangle ABC, where O is the cir- 
cumcenter, I the incenter, R the circumradius and r the inradius, then 


OI? = R? — 2Rr. 
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Proof. Let us give a proof’ that depends only on Pythagoras theorem and the fact 
that the circumcircle of the triangle BCI has center D, the midpoint of the arc® 
BC. For the proof we will use directed segments. 


ay 


Let M be the midpoint of BC and let Q be the orthogonal projection of J on the 
radius OD. Then 


\ 


OB? — Ol? = OB’ — DB? + Dr -Oor 
= OM? — MD? + DQ? — QO” 
= (MO + DM) (MO -— DM) +(DQ+ QO)(DQ — QO) 
= DO(MO+ MD + DQ + OQ) 
= R(2MQ) = 2Rr. 


Therefore OI? = R? — 2Rr. 


As a consequence of the last theorem we obtain the following inequality. 


Theorem 2.4.2 (Euler’s inequality). R > 2r. Moreover, R = 2r if and only if the 
triangle is equilateral.® 


7 Another proof can be found in [6, page 122] or [9, page 29]. 

8The proof can be found in [6, observation 3.2.7, page 123] or [1, page 76]. 

°There are direct proofs for the inequality (that is, without having to use Euler’s formula). 
One of them is the following: the nine-point circle of a triangle is the circumcircle of the medial 
triangle A’ B’C’. Because this triangle is similar to ABC with ratio 2:1, we can deduce that the 
radius of the nine-point circle is £. Clearly, a circle that intersects the three sides of a triangle 


must have a greater radius than the radius of the incircle, therefore & ZK 
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Theorem 2.4.3. In a triangle ABC, with circumradius R, inradius r and semipe- 
rimeter s, it happens that 


Ss R 
a 


ayo ca. 


Proof. We will use the fact that!? (ABC) = 4% = sr. Using the AM-GM 


inequality, we can deduce that 2s = a+b+c > 3Wabe = 3W4Rrs. Thus, 
883 > 27(4Rrs) > 27(8r?s), since R > 2r. Therefore, s > 3V/3r. 
The second inequality, aa < £. is equivalent to a+b+c < 3V/3R. But using 


rs 


the sine law, this is equivalent to sin A +sinB+sinC < ES Observe that the 
last inequality holds because the function f(a) = sina is concave on [0,7], thus 
sin Arsin Bsn C < sin (44640) = sin 60° = wee 


Exercise 2.39. Let a, b and c be the lengths of the sides of a triangle, prove that 
(a+b—c)(b+c—a)(c+a-—b) < abe. 
Exercise 2.40. Let a, b and c be the lengths of the sides of a triangle, prove that 
1 1 1 1 
ab bc) ca R?’ 
where R denotes the circumradius. 


Exercise 2.41. Let A, B and C be the measurements of the angles in each of the 
vertices of the triangle ABC, prove that 


1 1 1 
ee ee ee 
sin Asin B £ sin Bsin C - sinC'sin A ~ 
Exercise 2.42. Let A, B and C be the measurements of the angles in each of the 
vertices of the triangle ABC, prove that 


( >) ( 5) ( ) 
sin— sin— sn—]} < -. 
2 2 2 8 


Exercise 2.43. Let ABC be a triangle. Call A, B and C the angles in the vertices 
A, B and C, respectively. Let a, b and c be the lengths of the sides of the triangle 
and let R be the radius of the circumcircle. Prove that 
v3 
DANE QBN 20\ 5 2 2\ 8 
T T T ~ \83 , 
Theorem 2.4.4 (Leibniz’s theorem). In a triangle ABC with sides of length a, b 


and c, and with circumcenter O, centroid G and circumradius R, the following 


holds: 


a 


OG? = RP (a? + +2). 


10See [6, page 97] or [9, page 13]. 
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Proof. Let us use Stewart’s theorem which states!! that if L is a point on the side 
BC of a triangle ABC and if AL = 1, BL = m, LC = n, then a(l?+mn) = 
b?m + c?n. 


A 


MVR 


Applying Stewart’s theorem to the triangle OAA’ to find the length of OG, where 
A’ is the midpoint of BC, we get 


AA’ (OG? + AG - GA’) = A'0? . AG + AO? . GA’. 


Since i ; 
AO=R, AG= 3A and GA’= 344, 
substituting we get 

1 


2 2 
24 =(A'A)? = A’O?. = ae 
OG weal ) O gt 3 


On the other hand!’, since (A’A)? = abe eae and A’O? = R? — a we can 


deduce that 
OG? = (ne) pape 2 (2Ere oe) 


4/3 38 9 
_ Rp az 2(b? +c?) —@ 
- 6 18 
az +02 +2 
= R*~ 
9 


One consequence of the last theorem is the following inequality. 


Theorem 2.4.5 (Leibniz’s nequality). In a triangle ABC with side-lengths a, b and 
c, with circumradius R, the following holds: 


OR? >a ++’. 


11For a proof see [6, page 96] or [9, page 6]. 
12See [6, page 83] or [9, page 10]. 
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Moreover, equality holds if and only if O = G, that is, when the triangle is equi- 
lateral. 


Example 2.4.6. In a triangle ABC with sides of length a, b and c, it follows that 


9abc 


4V/3(ABC) < ———. 
at+b+e 


Using that 4R (ABC) = abc, we have the following equivalences: 


a*b?c? a? +b? + ¢? 3abc 
———_——_—_ > —__  — ££ (ABC) << ——. 
16(ABC)2 = 9 AO) = areas 
Cauchy-Schwarz inequality says that a+ b+c< V3Va? + b? +2, hence 

9abc 
atb+t+e 


Exercise 2.44. Let A, B and C be the measurements of the angles in each of the 
vertices of the triangle ABC, prove that 


OR? >a7%4+R4+Ce So 


4\/3(ABC) < 


sin’ A + sin? B + sin?C < -. 
Exercise 2.45. Let a, b and c be the lengths of the sides of a triangle, prove that 
4V/3(ABC) < 3Va2b?e. 
Exercise 2.46. Suppose that the incircle of ABC is tangent to the sides BC, CA, 
AB, at D, E, F, respectively. Prove that 


g2 


BPs 2D DE =< —, 


ew 


where s is the semiperimeter of ABC. 
Exercise 2.47. Let a, b, c be the lenghts of the sides of a triangle ABC and let ha, 
hp, he be the lenghts of the altitudes over BC, CA, AB, respectively. Prove that 
2 b2 2 


ee ee ee | 
hphe heha hah .? 


2.5 Symmetric functions of a, b and c 


The lengths of the sides a, b and c of a triangle have a very close relationship with 

s, r and R, the semiperimeter, the inradius and the circumradius of the triangle, 
respectively. The relationships that are most commonly used are 

a+b+c = 2s, (2.5) 

abt+be+ca = 87?+7r7+4rR, 

abe = 4Rrs. (2.7) 


| bas 
No 
aD 
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The first is the definition of s and the third follows from the fact that the area of 


the triangle is 2 = rs. Using Heron’s formula for the area of a triangle, we have 
& aR 8 g 


the relationship s(s — a)(s — b)(s — c) = r?s?, hence 
s?—(a+b+c)s? + (ab+ bc + ca)s — abe = rs. 
If we substitute (2.5) and (2.7) in this equality, after simplifying we get that 
ab+ be+ca = s?+r7 4+ 4Rr. 


Now, since any symmetric polynomial in a, b and c can be expressed as a polyno- 
mial in terms of (a+ b+ c), (ab+ bc+ ca) and (abc), it can also be expressed as a 
polynomial in s, r and R. For instance, 


a+b? +c? =(at+b+c)? — 2(ab+be+ ca) = 2(s* —r? —4Rr), 
a+b? +c =(a+b+c)* —3(a+b+4+c)(ab+be+ ca) + 3abec 
=2 eS —8r?s— 6Rrs) ; 


These transformations help to solve different problems, as will be seen later 
on. 


Lemma 2.5.1. If A, B and C are the measurements of the angles within each of 
the vertices of the triangle ABC, we have that cos A +cosB+cosC = 5 +1. 


Proof. 


Pane Bova. pare 
cos A+ cos B + cos = ———~ +. § oie 


2bc ca” 2ab 
a (b? +c?) + b(c? +a’) +c (a? +d?) _ (a? + b? +c?) 
2abc 

(a+b+c) (a? +b? +c?) — 2(a? +b? + c3) 
a 

4s (s? yr? 4Rr) 4 (s? 3r7s 6Rrs) 

8Rrs 
(s? — r? — 4Rr) — (s? — 3r? — 6Rr) 
2Rr 
Qr?+2Rr _ we ce 
2Rr R 


Example 2.5.2. If A, B and C are the measurements of the angles in each of the 
vertices of the triangle ABC, we have that cos A+cosB+cosC < 3. 


Lemma 2.5.1 guarantees that cos A+cos B+cosC = % +1, and using Euler’s 
inequality, R > 2r, we get the result. 
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We can give another direct proof. Observe that, 


a(b? +c? —a”)+b(c? +a? —b*)+c(a?+b?—c”) = (b+c—a)(c+a—b)(a+b—c) + 2abe. 


Then, 
P+e—-a C+a—- @4+h?-C? 
cos A+ cos B+cosC = ae ee ea 
ay cet 2 cai eat Cae 
2abe 


and since (b+ c— a)(c + a— b)(a+b—c) < abc, we have the result. 


Example 2.5.3. (IMO, 1991) Let ABC be a triangle, let I be its incenter and let 
L, M, N be the intersections of the internal angle peor of A, B, C with BC, 


; 7 AI BI CL 
CA, AB, respectively. Prove that 5 < 475 GN <3 oT 


A 


B C 
L 


Using the angle bisector theorem ge a aa = § and the fact that BL + 


LC =a, we can deduce that BL = 5 and LC = aan . Again, the angle bisector 
Weoley appicd to he internal angle bisector BI of the angle ZABL gives us 
BL 


4a = 35 = ois = rh: Hence, 


AL AI+IL IL a _atbte 
Al Al Al b+e b+e 
Then, 4¢ = gabec-° Similarly, gy7 = ah and Gy = cH. Therefore, the 


inequality that we have to prove in terms of a, 6 and c is 


1 (b+c)(c+a)(a+b) 
a (a+b+c)3 SF 


The AM-GM inequality guarantees that 


(b+0)(c+a)(a +b) < (Gra serd tern)” _ og 


13 Another way to prove the identity is as follows. Consider a = (ABI), 8 = (BCI) and 


7 : AI _ _aty_ _ _r(ctb) +b 
y = (CAI). It is clear that 47 = we = maa = apers: 
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hence the inequality on the right-hand side is now evident. 
To prove the inequality on the left-hand side, first note that 


(b+ c)(c+a)(a +b) (a+b +c)(ab + be + ca) ~ abe 


(a+ b+c)3 (a+b+c)8 
Substitute above, using equations (2.5), (2.6) and (2.7), to get 


(b+c)(c+a)(a+b)  2s(s?+r?+4Rr) —4Rrs 
(a+b+c)8 7 853 
- 28° + 2sr? + 4Rrs il " 2r?+4Rr 


1 
853 1 eae 


We can also use the Ravi transformation a = y+ z,b=z+2,c=2+y, to reach 
the final result in the following way: 


(b+c)(cta)\(atb) (at+tyt24+alatyt+ety\(a+tyt24+z2) 


(a+b+4+c)8 8(a + y + z)3 
1 
== i a fics eee — 2 
8 T+y+z rty+z T+ty+t+z 
1 +tyt+ + yz+ 1 
a fie (eal LEC It 
8 T+y+tz G+ty+tz G+yt+zZz 4 


Exercise 2.48. Let A, B and C' be the values of the angles in each one of the 
vertices of the triangle ABC, prove that 


sin? is + sin? 2 + sin? . > g 
2 2 20 AN 
Exercise 2.49. Let a, b and c be the lengths of the sides of a triangle. Using the 
tools we have studied in this section, prove that 
9ab 
i3ABo)<— 
a+b+ce 


Exercise 2.50. Let a, b and c be the lengths of the sides of a triangle. Using the 
tools presented in this section, prove that 
4V/3(ABC) < 3Va2b2c?. 


Exercise 2.51. (IMO, 1961) Let a, b and c be the lengths of the sides of a triangle, 


prove that 
4\/3(ABC) <a? +0? +’. 


Exercise 2.52. Let a, b and c be the lengths of the sides of a triangle, prove that 
4s/3(ABC) < 0? 48? 4.2 =(@—b) — (b= OF =fe= a)’: 
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Exercise 2.53. Let a, b and c be the lengths of the sides of a triangle, prove that 
4\/3(ABC) < ab + bce + ca. 
Exercise 2.54. Let a, b and c be the lengths of the sides of a triangle, prove that 


3(a+ 6+ c)abe 


< , 
4V3(ABC) ~ ab+be+ca 


Exercise 2.55. Let a, b and c be the lengths of the sides of a triangle. If a+b+c = 1, 
prove that 


1 
a? +b? + 2 + 4abe < s 


Exercise 2.56. Let a, b and c be the lengths of the sides of a triangle, let R and r 
be the circumradius and the inradius, respectively, prove that 


(b+c—a)(c+a—b)(at+b—c)  2r 
abc aR 


Exercise 2.57. Let a, b and c be the lengths of the sides of a triangle and let R be 
the circumradius, prove that 


b? C 


3V3R < 


mee ae ae 


Exercise 2.58. Let a, b and c be the lengths of the sides of a triangle. Set 7 = bien a 
y= ctanb and z= athe lfm =ax+y+2, 7 = cyt yz+ 2x and 73 = ryz, 


verify the following relationships. 


(1) (a—b)? + (b—e)? + (c—a)? = («@ —y)? + (y— 2)? + (z — 2)? = 2(77 — 372). 
(2) at+b+c=2n. 
(3) a? +b? +c? = 27? — 27. 
(4) ab+bce+ca=7? +72 
(5) abc = 7172 — 73 
(6) 16(ABC)? = 2(ab? + b?c? + c2a”) — (a4 + b* + c*) = 16r?s? = 167173. 
_ 7172 — 73 
ty) B= Sama 
a ls) 
@ r=/2. 


(9) 1 =s, 7] =r(4R+7), 73 = rs. 


2.6 Inequalities with areas and perimeters 75 


2.6 Inequalities with areas and perimeters 


We begin this section with the following example. 


Example 2.6.1. (Austria—Poland, 1985) If ABCD is a convex quadrilateral of area 
1, then 


AB+BC+CD+DA+AC+BD>4+V3. 


Set a = AB, b= BC, c=CD, d= DA, e = AC and f = BD. The area of 
the quadrilateral ABCD is (ABCD) = eet where @ is the angle between the 
diagonals, which makes it clear that 1 = efsine < of 


Since (ABC) = *828 < # and (CDA) = “"¥ < & we can deduce that 


1 = (ABCD) < “$) Similarly, 1 = (ABCD) < ®4. These two inequalities 


imply that ab+ be+ cd+da > 4. 

Finally, since (e + f)? = 4ef + (e— f)? > 4ef > 8 and (a+b+c+d) = 
A(a+c)(b+d)+((a+c) —(b+d))? > 4(a+c)(b+d) = 4(ab+be+cd+da) > 16, 
we can deduce that a+b+c+d+t+e+f>4+ V8. 


Example 2.6.2. (Iberoamerican, 1992) Using the triangle ABC, construct a hexa- 
gon H with vertices A,, Az, By, Bo, C1, Cz as shown in the figure. Show that the 
area of the hexagon H is at least thirteen times the area of the triangle ABC. 


- aS 


Bo 


It is clear, using the area formula (ABC) = “S"°, that 


(A, A2 By, B2C1 C2) =(A;BC)) + (A2CB) + (B2AC1) + (AA; Ao) 
+ (BB, Bo) + (CC1C2) -_ 2(ABC) 
(c+a)*sinB  (a+b)?sinC  (b+c)?sin A 
2 2 2 
asin A b’sinB c?sinC 
2 2: 2 


—2(ABC) 
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(a? + b? + c?)(sin A + sin B + sinC) 


= oe + casin B 
+ absinC + bcsin A — 2(ABC) 
a (a7 +6? 4+ ee + sin B + sin C) 4 4(ABC). 
Therefore, (A; A2B,BoC,C2) > 13(ABC) if and only if 
(a? +b? + isin +sinB + sinC) > 9(ABC) = ere 


Using the sine law, £24 = oat we can prove that the inequality is true if and only 


if ere eee) > Sebe that is, 
(a2 +0? +0?)\(a+b+c) > Yabe. 


The last inequality can be deduced from the AM-G'M inequality, from the re- 
arrangement inequality or by using Tchebychev’s inequality. Moreover, the equal- 
ity holds only in the case a = b=c. 


Example 2.6.3. (China, 1988 and 1993) Consider two concentric circles of radii R 
and R, (Ri > R) and a conver quadrilateral ABCD inscribed in the small circle. 
The extensions of AB, BC, CD and DA intersect the large circle at C1, D1, Ay 
and B,, respectively. Show that 


perimeter of A,B,C, D, 5 Ry. 


(i) perimeter of ABCD ~— ‘R’ 


(i) 


(A, BiC) D,) = (By 
eet R = 


(ABCD) 
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To prove (i), we use Ptolemy’s inequality (see Exercise 2.11) applied to the 
quadrilaterals OAB,C,, OBC,D,, OCD, A, and ODA;B,, which implies that 
AC, Ry < BiC,-R+ AB,- Ri, 
BD,- Ry <CiD,-R+ BC): Ri, (2.8) 
CA,:- Ry, < DiA,-R+CD,- Ri, 
DB,-R, < AB, R+DA,- Ri. 


Then, when we add these inequalities together and write AC,, BD,, CA, and 
DB,, and express them as AB + BC), BC+CD,, CD+ DA; and DA+ AB,, 
respectively, we get 


R,- perimeter (ABCD) + Ri (BC, + CD, + DA; + AB,) 
< R.- perimeter (A, BiC, D,) + Ri (AB, + BC, + CD, + DA,). 
Therefore, 
perimeter (Ay By Ci D;) 
perimeter (ABCD) 
To prove (ii), we use the fact that (ABCD) = *424thesm4 — sin A (ad + be) 


and also that (ABCD) = “s28tedsnB — sm B(ab+ cd), where A= ZDAB and 
B=ZABC. 


Seal 
— R 


Ay 


Since (AB,C;) = w(aty)sin (180° A) = 2(aty)sin A we can produce the identity 
(BCi1D1) _ y(b+z) (CDiA1) = z(ctw) (DAiBi) _ 


(ABiCi) _ x(at+y) ss 
(ABCD) = ace - Similarly, (ABCD) — abted’ (ABCD) ad+be? (ABCD) — 
w(d+a2 
aan Then, 
(A, BiC,D) _ ie t(aty)t+2(wte)  y(b+z2)+w(d4+z2) 
(ABCD) ad + be ab + cd 


The power of a point in the larger circle with respect to the small circle is equal to 
R? — R?. In particular, the power of A;, B,, C, and D, is the same. On the other 
hand, we know that these powers are w(w +c), x(a +d), y(y +a) and z(z +b), 
respectively. 
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Substituting this in the previous equation implies that the area ratio is 


(A; B,C) D}) 
(ABCD) 


Ee 8 ne: | ean Gere Sa 
see ) Wad Doe) Wad be) abe) ean een) 


Using the AM-GM inequality allows us to deduce that 


(A; B,C) D1) 4( Ri — R?) 
(ABCD) ~— (ad + bc)(ab + cd) 


Since 2,/(ad + bc)(ab + cd) < ad+be+ab+cd = (a+c)(b+d) < ¢(at+b+c4+d)? < 
Ee = 8R?, the first two inequalities follow from the AM-GM inequality, and 
the last one follows from the fact that, of all the quadrilaterals inscribed in a circle, 
the square has the largest perimeter. Thus 


(ArBiCiD1) . , , AREF) _ (Ra )” 
(ABCD) = 4R? R 


Moreover, the equalities hold when ABCD is a square and only in this case. Since 
in order to reduce inequalities (2.8) to identities, it must be the case that the four 
quadrilaterals OAB,C,, OBC,D,, OCD, A, and OD A,B, are cyclic. Thus, OA 
is an internal angle bisector of the angle BAD, and the same happens for OB, 
OC and OD. 


There are problems that, even when they are not presented in a geomet- 
ric form, they invite us to search for geometric relationships, as in the following 
example. 


pare 2.6. he 75 c are ee numbers with c <a andc < b, we can deduce 
that \/c(a — c) + —c)<vVa 


Consider the isosceles triangles ABC and ACD, both sharing the common 
side AC of length 2,/c; we take the first triangle as having equal sides AB = BC 
of length \/a and the second one satisfying CD = DA with length Vb. 


The area of the quadrilateral ABCD is, on the one hand, 
(ABCD) = (ABC) + (ACD) c(a —c) + 
and on the other hand, (ABCD) = 2(ABD) = ay abs 2 BAD 


This last procedure for calculating the area clearly proves that (ABCD) < 
Vab, and thus the result is obtained. 
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Another solution is as follows. Since AC’ and BD are perpendiculars, Py- 
thagoras theorem implies that DE = /b—c and EB = V/a—c. By Ptolemy’s 
inequality (see Exercise 2.11), (/b—¢+ Va—©) - (2c) < Javb + Vavb and 


then the result. 


Exercise 2.59. On every side of a square with sides measuring 1, choose one point. 
The four points will form a quadrilateral of sides of length a, b, c and d, prove that 


(i) 2< a? +044 <4, 
(ii) 2V2<atbtc+d<4. 


Exercise 2.60. On each side of a regular hexagon with sides measuring 1, we choose 
one point. The six points form a hexagon of perimeter h. Prove that 38V3 <h<6. 


Exercise 2.61. Consider the three lines tangent to the incircle of a triangle ABC 
which are parallel to the sides of the triangle; these, together with the sides of the 
triangle, form a hexagon T’.. Prove that 


2 
the perimeter of T < 3 the perimeter of (ABC). 
Exercise 2.62. Find the radius of the circle of maximum area that can be covered 


using three circles with radius 1. 


Exercise 2.63. Find the radius of the circle of maximum area that can be covered 
using three circles with radii r,, rg and rz. 
Exercise 2.64. Two disjoint squares are located inside a square of side 1. If the 


lengths of the sides of the two squares are a and b, prove that a+b < 1. 


Exercise 2.65. A convex quadrilateral is inscribed in a circumference of radius 1, 
in such a way that one of its sides is a diameter and the other sides have lengths 
a, b and c. Prove that abc < 1. 
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Exercise 2.66. Let ABCDE be a convex pentagon such that the areas of the 
triangles ABC, BCD, CDE, DEA and EAB are equal. Prove that 


6 eens) supers ane) 
(ii) (ABCDE) = 5+ V5 (apc), 


Exercise 2.67. If AD, BE and CF are the altitudes of the triangle ABC, prove 
that 


perimeter (DEF) < s, 
where s is the semiperimeter. 


Exercise 2.68. The lengths of the internal angle bisectors of a triangle are at most 
1, show that the area of such a triangle is at most 3. 


Exercise 2.69. If a, b, c, d are the lengths of the sides of a convex quadrilateral, 
show that 


ab + cd 
2 2 


(i) (ABCD) < 


ac + bd 
2 


(iii) (ABCD) < (=) (“=*). 


(ii) (ABCD) < and 


2.7 Erd6és-Mordell Theorem 


Theorem 2.7.1 (Pappus’s theorem). Let ABC be a triangle, AA’ B’B and CC’ A" A 
two parallelograms constructed on AC and AB such that both either are inside 
or outside the triangle. Let P be the intersection of B’ A’ with C'A”. Construct 
another parallelogram BP'’P"C on BC such that BP’ is parallel to AP and of the 
same length. Thus, we will have the following relationships between the areas: 


(BP'P"C) = (AA'B'B) + (CC’A"A). 


Proof. See the picture on the next page. 
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Theorem 2.7.2 (Erdés-Mordell theorem). Let P be an arbitrary point inside or on 
the boundary of the triangle ABC. If pa, po, Dc are the distances from P to the 
sides of ABC, of lenghts a, b, c, respectively, then 


PA+PB+4+PC>2 (pat pot De). 
Moreover, the equality holds if and only if the triangle ABC is equilateral and P 
is the circumcenter. 


Proof (Kazarinoff). Let us reflect the triangle ABC on the internal bisector BL of 
angle B. Let A’ and C’ be the reflections of A and C. The point P is not reflected. 
Now, let us consider the parallelograms determined by B, P and A’, and by B, P 
and C’. 


C’ 


A 


The sum of the areas of these parallelograms is cpg + ape and this is equal to the 
area of the parallelogram A’ P’P’C’, where A’P’ is parallel to BP and of the same 
length. The area of A’P’P”’C’ is at most b- PB. Moreover, the areas are equal if 
BP is perpendicular to A’C’ and this happens if and only if P is on BO, where 
O is the circumcenter of ABC.'4 Then, 


CPa + ape < DPB. 


14BP is perpendicular to A’C’ if and only if ZPBA’ = 90° — ZA’, but ZA’ = ZA and 
OBC = 90° — ZA, then P should be on BO. 
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eu Mt 


B A’ B Al 
Therefore, 
PB>& + aan 
53, pee b Ce 
Similarly, 
b b 
PAS —pe+ «ny and PC >-pat+ «Db. 
a a c c 


If we add together these inequalities, we have 


b b 
PA+PB+PC2(-+5\pat (£45) m+ (24+ =) pe > 2(Pat Po +Pe); 
cb a Cc boa 


since 8 + § = 2. Moreover, the equality holds if and only if a = b= c and P is on 
AO, BO and CO, that is, if the triangle is equilateral and P = O. 


Example 2.7.3. Using the notation of the Erdés-Mordell theorem, prove that 
aPA+bPB+cPC > 4(ABC). 


Consider the two parallelograms that are determined by B, C, P and B, 


A, P as shown in the figure, and the parallelogram that is constructed following 
Pappus’s theorem. It is clear that 


bPB > apa + Che. 
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Similarly, it follows that 


aPA > bpp + cpe, 
cPC > apa + bpp. 


Hence, 
aPA+bPB+cPC > 2(apa + bpy + Cpe) = 4(ABC). 


Example 2.7.4. Using the notation of the Erdés-Mordell theorem, prove that 
PaPA+ poPB + pePC > 2 (pape + PoPe + DePa) - 


As in the previous example, we have that aPA > bp, + cp-. Hence, 
b Cc 
PaPA 2 —PaPo + —PePa- 
a a 


Similarly, we can deduce that p»PB > Papo + FPoPc) PePC > SpcePa + 2 Dye. 
If we add together these three inequalities, we get 


b b a 
paPAt+ppPB+p-PC > aries PaPp + | — + PoPe + (- + ) PcPa 
b oa cb a c 


> 2 (paPo + PoPe + PcDa) - 


Example 2.7.5. Using the notation of the Erdés-Mordell theorem, prove that 


9 Lag ee Dn ee Regie et 
PA PB PC)~ pa py De 


Let us apply inversion to the circle of center P and radius d = py. If A’, B’, C’ are 
the inverse points of A, B, C, respectively, and A‘, B{, C{ are the inverse points 
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of A,, By, C1, we can deduce that 


PA-PA'=PB-PB'=PC-PC' =@, 
PAi* PA, = PB PBL = PO) +PCO, =<. 


Moreover, A’, B’ and C’ are on BiC}, CA and A‘, Bi, respectively, and the 
segments PA’, PB’ and PC’ are perpendicular to B,C), CA and A‘ Bj, respec- 
tively. 

An application of the Erdés-Mordell theorem to the triangle A{.B{C} shows 
that PA, + PB, + PC{ > 2(PA'+ PB'+ PC’). 


Since 
d? d? d? 
PA, = —, PB =—, PCO =— 
PA,’ 1 PB,’ 1 PC,’ 
d2 d2 d2 
PC’ = —, PB’ =—, PA = — 
PC’ PB’ PA’ 
then 
1 1 1 1 1 1 
C | —-. —— > 2d? 
(ots +p) a (sate tz): 
that is, 


9 1 ae 1 = 1 Z 1 2 1 ie 1 
PA PB PC Da Pb Pc) 
Example 2.7.6. Using the notation of the Erdés-Mordell theorem, prove that 


PA- PB. PO > > ( (Pa + Pb) (Pb + Pe) (Pe + Pa) - 


SF 


Ps 


Let C, be a point on BC such that BC; = AB. Then AC, = 2csin 2 
Pappus’s theorem implies that PB (2c sin = 2) >C Ppatc pe. Therefore, 


and 


d 
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Similarly, 


pas PEP: soa pos Pate. 
2sin > 2sin > 


Then, after multiplication, we get 


1 1 

PA, PRPC = ie Nee 
O6 Gasayane) Gacy ee ee are 

The solution of Exercise 2.42 helps us to prove that (sin 4) (sin 2) (sin 


2 
then the result follows. 


Example 2.7.7. (IMO, 1991) Let P be a point inside the triangle ABC. Prove that 
at least one of the angles ZPAB, ZPBC, ZPCA is less than or equal to 30°. 


Draw A;, B, and C;, the projections of P on sides BC, CA and AB, re- 
spectively. Using the Erdés-Mordell theorem we get PA+ PB + PC > 2PA, + 
2PB,+2PC\. 


3) = aR 


Ay 


Thus, one of the following inequalities will be satisfied: 


PA>2PC;, PB>2PA, or PC >2PB,. 


If, for instance, PA > 2PC},, we can deduce that 4 > Fou = sin ZPAB, then 
ZPAB < 30° or ZPAB > 150°. But, if ZPAB > 150°, then it must be the case 
that ZPBC < 30° and thus in both cases the result follows. 


Example 2.7.8. (IMO, 1996) Let ABCDEF be a conver hexagon such that AB 
is parallel to DE, BC is parallel to EF and CD is parallel to FA. Let Ra, Ro, 
Re denote the circumradii of triangles FAB, BCD, DEF, respectively, and let 
P denote the perimeter of the hexagon. Prove that 


P 
AGA St GT Ee 


Let M, N and P be points inside the hexagon in such a way that MDEF, 
NFAB and PBCD are parallelograms. Let XYZ be the triangle formed by the 
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lines through B, D, F and perpendicular to FA, BC, DE, respectively, where B 
ison YZ, D on ZX and F on XY. Observe that MNP and XYZ are similar 
triangles. 


Z 


Since the triangles DEF and DMF are congruent, they have the same circumra- 
dius; moreover, since X M is the diameter of the circumcircle of triangle DMF, 
then XM = 2Rg. Similarly, YN = 2Ry and ZP = 2Rc. Thus, the inequality 
that needs to be proven can be written as 


XM+YN+2Z2P>BN+BP4+DP4+DM+FM-+FN. 


The case M = N = P is the Erdés-Mordell inequality, on which the rest of the 
proof is based. 

Let Y’, Z’ denote the reflections of Y and Z on the internal angle bisector 
of X. Let G, H denote the feet of the perpendiculars of M and X on Y'Z’, 


respectively. 
xX 
\ 
fp ‘ 
Z! ye | : y' 
H G 


Since (XY'Z’) = (XMZ’) + (Z'MY’) + (Y'MX), we obtain 


XH-Y'Z'’=MF.-XZ'+MG.-Y'Z'+MD.-Y’'X. 
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If we set x = Y'Z’, y= ZX', 2 = XY’, the above equality becomes 
tXH=x«MG+2z2DM+yFM. 


Since ZX HG = 90°, then XH = XGsinZXGH < XG. Moreover, using the 
triangle inequality, XG < X M+ MG, we can deduce that 


XM > XH-MG==pM+2FmM. 
x x 
Similarly, 
YN>=FN+2BN, 
y y 
ZP > 2 BP+=pP. 
z y 
After adding together these three inequalities, we get 
z y x z y x 
XM+YN+2ZP>-DM+=FM+-FN+-BN+=BP+-DP. (2.9) 
x x y y Zz z 
Observe that 
BP+BN BP-—BN 
Yap BN = (4+ =) (4e**) 7 (4 _ “| (a) 
z y Zz Y 2 Zz Yy 2 


Since the triangles XY Z and MNP are similar, we can define r as 


_FM-FN  BN-BP_ DP-~DM 
oa ¢ ran? ae’. ak 


If we apply the inequality 4+ 2 > 2, we get 
Yep+ Bn = (4+) a a (4-=) 
z Yy Yy 2 


Zz 2 
r 
>BP+BN-- 


yo 22 
2\2z y J 


“n+ tem > p+ FM -5 (=), 
y x 2\ y x 
5 ( 
2 
2 


Similar inequalities hold for 


2DM+=DP>DM+DP 
xv z 


If we add the inequalities and substitute them in (2.9), we have 


XM+YN+2Z2P>BN+BP+DP4+DM+FM+FN, 


which completes the proof. 
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Exercise 2.70. Using the notation of the Erdés-Mordell theorem, prove that 
4R 
PA-PB-PC > —papoDe. 
r 


Exercise 2.71. Using the notation of the Erdés-Mordell theorem, prove that 


PA PB? - PO? 


(i) —— + Pay 
PbPc PcPa PaPb 

ae PA PB PC 

gi) 74, PP, FC .s 
Po+Pe Pet Pa Pa + Pb 


PB PC 
+ + 


PA 
VPbPc VPcPa VPaPb 
(iv) PA-PB+PB-PC+PC-PA> A(papo + poe + DePa)- 


(iii) 


2 6, 


Exercise 2.72. Let ABC be a triangle, P be an arbitrary point in the plane and 
let pa, Pb Y Pe be the distances from P to the sides of a triangle of lengths a, b and 
c, respectively. If, for example, P and A are on different sides of the segment BC, 
then p, is negative, and we have a similar situation for the other cases. Prove that 


b b 
PA+PB+PC2(-+5) pat (<+") m+ (54+ =) ve. 
cb a ce boa 


2.8 Optimization problems 


In this section we present two classical examples known as the Fermat-Steiner 
problem and the Fagnano problem. 


The Fermat-Steiner problem. This problem seeks to find a point in the interior or 
on the sides of a triangle such that the sum of the distances from the point to the 
vertices of the triangle is minimum. We will present three solutions and point out 
the methods used to solve the problem. 


Torricelli’s solution. It takes as its starting point the following two lemmas. 


Lemma 2.8.1 (Viviani’s lemma). The sum of the distances from an interior point 
to the sides of an equilateral triangle is equal to the altitude of the triangle. 


Proof. Let P be a point in the interior of the triangle ABC. Draw the triangle 
A’'B'C" with sides parallel to the sides of ABC, with P onC’A’ and B’C’ on the 
line through B and C. 
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A’ A 


M 


\ 


B' BL LC C 


If L, M and N are the feet of the perpendiculars of P on the sides, it is clear that 
PM = NM’, where M’ is the intersection of PN with A’B’. Moreover, PM’ is 
the altitude of the equilateral triangle AP’ P. If A’ P” is the altitude of the triangle 
AP’P from A’, it is clear that PM’ = A’P”. Let L’ be a point on B’C" such that 
A’'L’ is the altitude of the triangle A’B’C’ from A’. Thus, 


PL+PM+PN=PL4+PN+NM' = PL+A'P"=AP"+P"V HAT. 


Next, we present another two proofs of Viviani’s lemma for the sake of com- 
pleteness. 


Observation 2.8.2. (i) The following is another proof of Viviani’s lemma which 
is based on the use of areas. We have that (ABC) = (ABP) + (BCP) + 
(CAP). Then, if a is the length of the side of the triangle and h is the 
length of its altitude, we have that ah = aPN+aPL+aPM, that is, hh = 
PN+PL+PM. 


(ii) Another proof of Viviani’s lemma can be deduced from the following diagram. 


A 
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Lemma 2.8.3. If ABC is a triangle with all angles less than or equal to 120°, there 
is a unique point P such that ZAPB = ZBPC = ZCPA = 120°. The point P is 
known as the Fermat point of the triangle. 


Proof. First, we will proof the existence of P. On the sides AB and C'A we con- 
struct equilateral triangles ABC’ and CAB’. Their circumcircles intersect at A 
and at another point that we denote as P. 


Since APCB’ is cyclic, we have that ZCPA = 180° — ZB’ = 120°. Similarly, since 
APBC’' is cyclic, ZAPB = 120°. Finally, ZBPC = 360° — ZAPB — ZCPA = 
360° — 120° — 120° = 120°. 

To prove the uniqueness, suppose that Q satisfies ZAQB = ZBQC = 
ZCQA = 120°. Since ZAQB = 120°, the point Q should be on the circumcircle 
of ABC". Similarly, it should be on the circumcircle of CAB’, hence Q = P. 


We will now study Torricelli’s solution to the Fermat-Steiner problem. Given 
the triangle ABC with angles less than or equal to 120°, construct the Fermat 
point P, which satisfies ZAPB = ZBPC = ZCPA = 120°. Now, through A, B 
and C we draw perpendiculars to AP, BP and CP, respectively. 

These perpendiculars determine a triangle DEF which is equilateral. This is 
so because the quadrilateral PBDC is cyclic, having angles of 90° in B and C. 
Now, since ZBPC' = 120°, we can deduce that 7BDC = 60°. This argument can 
be repeated for each angle. Therefore DEF is indeed equilateral. 

We know that the distance from P to the vertices of the triangle ABC is 
equal to the length of the altitude of the equilateral triangle DEF’. Observe that 
any other point Q inside the triangle ABC satisfies AQ > A’Q, where A’Q is the 
distance from Q to the side EF, similarly BQ > B’Q and CQ > C’Q. Therefore 
AQ + BQ+4+ CQ is greater than or equal to the altitude of DEF which is AP + 
BP+CP, which in turn is equal to A’Q + B’Q + C’Q as can be seen by using 
Viviani’s lemma. 
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Hofmann-Gallai’s solution. This way of solving the problem uses the ingenious idea 
of rotating the figure to place the three segments that we need next to each other, 
in order to form a polygonal line and then add them together. Thus, when we join 
the two extreme points with a segment of line, since this segment of line represents 
the shortest path between them, it is then necessary to find the conditions under 
which the polygonal line lies over such segment. This proof was provided by J. 
Hofmann in 1929, but the method for proving had already been discovered and 
should be attributed to the Hungarian Tibor Gallai. Let us recall this solution. 


Consider the triangle ABC with a point P inside it; draw AP, BP and CP. 
Next, rotate the figure with its center in B and through an angle of 60°, in a 
positive direction. 


d 


We should point out several things. If C’ is the image of A and P’ is the image 
of P, the triangles BPP’ and BAC’ are equilateral. Moreover, if AP = P’C’ 
and BP = P’B = P’'P, then AP+ BP+CP = P'C'+ P'P+CP. The path 
CP+PP'+ P’C is minimum when C, P, P’ and C’ are collinear, which in turn 
requires that ZC’P’B = 120° and ZBPC = 120°; but since ZC’P’B = ZAPB, 
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the point P should satisfy ZAPB = ZBPC = 120° (and then also ZCPA = 120°). 


An advantage of this solution is that it provides another description of the 
Fermat point and another way of finding it. If we review the proof, we can see that 
the point P is on the segment C'C’, where C” is the third vertex of the equilateral 
triangle with side AB. But if instead of the rotation with center in B, we rotate 
it with its center in C, we obtain another equilateral triangle 4B’C and we can 
conclude that P is on BB’. Hence we can find P as the intersection of BB’ and 
CC". 


Steiner’s solution. When we solve maximum and minimum problems we are prin- 
cipally faced with three questions, (i) is there a solution?, (ii) is there a unique 
solution? (iii) what properties characterize the solution(s)? Torricelli’s solution 
demonstrates that among all the points in the triangle, this particular point P, 
from which the three sides of the triangle are observed as having an angle of 120°, 
provides the minimum value of PA+ PB+ PC. In this sense, this point answers 
the three questions we proposed and does so in an elegant way. However, the solu- 
tion does not give us any clue as to why Torricelli chose this point, or what made 
him choose that point; probably this will never be known. But in the following we 
can consider a sequence of ideas that bring us to discover that the Fermat point 
is the optimal point. These ideas belong to the Swiss geometer Jacob Steiner. Let 
us first provide the following two lemmas. 


Lemma 2.8.4 (Heron’s problem). Given two points A and B on the same side of 
a line d, find the shortest path that begins at A, touches the line d and finishes at 
B. 


P 
The shortest path between A and B, touching the line d, can be found re- 
flecting B on d to get a point B’; the segment AB’ intersects d at a point P* that 
makes AP* + P*B represent the minimum between the numbers AP + PB, with 
Pond. 
To convince ourselves it is sufficient to observe that 


AP* + P*B= AP*+P*B' = AB’ < AP+PB'=AP+PB. 
This point satisfies the following reflection principle: The incident angle is 


equal to the reflection angle. It is evident that the point which has this property 
is the minimum. 
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B' 


Lemma 2.8.5 (Heron’s problem using a circle). Given two points A and B outside 
the circle C, find the shortest path that starts at A, touches the circle and finishes 
at B. 


We will only give a sketch of the solution. 

Let D be a point on C, then we have that the set {P : PA+PB = DA+DB} 
is an ellipse Ep with foci points A and B, and that the point D belongs to Ep. 
In general €g = {P : PA+ PB = d}, where d is a positive number, is an ellipse 
with foci A and B (if d > AB). Moreover, these ellipses have the property that Ey 
is a subset of the interior of Ey if and only if d< d’. 

We would like to find a point Q on C such that the sum QA+QB is minimum. 
The optimal point @ will belong to an ellipse, precisely to €g. Such an ellipse Eg 
does not intersect C in other point; in fact, if C’ is another common point of Eg 
and C, then every point C” of the circumference arc between Q and C’ of C would 
be in the interior of Eg, therefore C”.A+ C”B < QA+ QB and so Q is not the 
optimal point, that is, a contradiction. 

Thus, the point @ that minimize AQ+ QB should satisfy that the ellipse Eg 
is tangent to C. The common tangent line to €g and C happens to be perpendicular 
to the radius CQ, where C is the center of C and, because of the reflection property 
of the ellipse (the incidence angle is equal to the reflection angle), it follows that 
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the line CQ is the internal bisector of the angle ZAQB, that is, ZBQC = ZCQA. 


B 


Now let us go back to Steiner’s solution of the Fermat-Steiner problem. A 
point P that makes the sum PA+ PB+ PC a minimum can be one of the vertices 
A, B, C or a point of the triangle different from the vertices. In the first case, if 
P is one of the vertices, then one term of the sum PA+ PB+ PC is zero and the 
other two are the lengths of the sides of the triangle ABC that have in common 
the chosen vertex. Hence, the sum will be minimum when the chosen vertex is 
opposite to the longest side of the triangle. 

In order to analize the second case, Steiner follows the next idea (very useful 
in optimization problems and one which can be taken to belong to the strategy of 
“divide and conquer”), which is to keep fixed some of the variables and optimize 
the rest. This procedure would provide conditions in the variables not fixed. Such 
restrictions will act as restrains in the solution space until we reach the optimal 
solution. Specifically, we proceed as follows. Suppose that PA is fixed; that is, P 
belongs to the circle of center A and radius PA, where we need to find the point 
P that makes the sum PB+ PC minimum. Note that B should be located outside 
of such circle, otherwise PA > AB and, using the triangle inequality, PB + PC > 
BC. From this, it follows that PA+ PB = PC > AB+ BC, which means B would 
be a more suitable point (instead of P). Similarly, C’ should be outside of such 
circle. Now, since B and C are points outside the circle C = (A, PA), the optimal 
point for the problem of minimizing PB + PC with the condition that P is on 
the circle C is, by Lemma 2.8.5, a point Q on the circle C, such that this circle is 
tangent to the ellipse with foci B and C in Q, and the point Q is such that the 
angles ZAQB and ZCQA are equal. Since the role of A, B, C can be exchanged, 
if now we fix B (and PB), then the optimal point Q will satisfy the condition 
ZAQB = ZBQC and therefore ZAQB = ZBQC = ZCQA = 120°. This means 
Q should be the Fermat point. All the above work in the second case is to assure 
that Q is inside of ABC, if the angles of the triangle are not greater than 120°. 


The Fagnano problem. The problem is to find an inscribed triangle of minimum 
perimeter inside an acute triangle. We present two classical solutions, where the 
reflection on lines play a central role. One is due to H. Schwarz and the other to 
L. Fejer. 


2.8 Optimization problems 95 


Schwarz’s solution. The German mathematician Hermann Schwarz provided the 
following solution to this problem for which he took as starting point two ob- 
servations that we present as lemmas. These lemmas will demonstrate that the 
inscribed triangle with the minimum perimeter is the triangle formed using the 
feet of the altitudes of the triangle. Such a triangle is known as the ortic triangle. 


Lemma 2.8.6. Let ABC be a triangle, and let D, E and F be the feet of the altitudes 
on BC, CA and AB as they fall from the vertices A, B and C, respectively. Then 
the triangles ABC, AEF, DBF and DEC are similar. 


Proof. It is sufficient to see that the first two triangles are similar, since the other 
cases are proved in a similar way. 


A 


Since these two triangles have a common angle at A, it is sufficient to see that 
ZAEF = ZABC. But, since we know that ZAEF' 4+ ZFEC = 180° and ZABC + 
ZF EC = 180° because the quadrilateral BCE F is cyclic, then ZAEF = ZABC. 


Lemma 2.8.7. Using the notation of the previous lemma, we can deduce that the 
reflection of D on AB is collinear with E and F,, and the reflection of D on CA 
is collinear with E and F. 


Proof. It follows directly from the previous lemma. 


A 
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Using these elements we can now continue with the solution proposed by H. 
Schwarz for the Fagnano problem. 


We will now prove that the triangle with minimum perimeter is the ortic tri- 
angle. Denote this triangle as DEF and consider another triangle LM N inscribed 
in ABC. 


N' 


A 


SRA 


Reflect the complete figure on the side BC, so that the resultant triangle is re- 
flected on C'A, then on AB, on BC and finally on CA. 

We have in total six congruent triangles and within each of them we have the 
ortic triangle and the inscribed triangle LM N. The side AB of the last triangle 
is parallel to the side AB of the first, since as a result of the first reflection, the 
side AB is rotated in a negative direction through an angle of 2B, and then in a 
negative direction through an angle of 2A, the third reflection is invariant and the 
fourth is rotated through an angle of 2B in a positive direction and in the fifth it 
is also rotated in a positive direction through an angle of 2A. Thus the total angle 
of rotation of AB is zero. 

The segment FF” is twice the perimeter of the ortic triangle, since FF” is 
composed of six pieces where each side of the ortic triangle is taken twice. Also, 
the broken line NN’ is twice the perimeter of LM N. Moreover, NN’ is parallel to 
the line FF’ and of the same length, then since the length of the broken line NN’ 
is greater than the length of the segzment NN’, we can deduce that the perimeter 
of DEF is less than the perimeter of LMN. 


The Fejer’s solution. The solution due to the Hungarian mathematician L. 
Fejer also uses reflections. Let LM N be a triangle inscribed on ABC. Take both 
the reflection L’ of the point L on the side C'A, and L” the reflection of L on the 
side AB, and draw the segments ML’ and NL”. It is clear that DM = ML’ and 
L" N = NL. Hence the perimeter of LM N satisfies 


IM+MN+NL=L"N+NM+ML'>L’'L". 


2.8 Optimization problems 97 


Thus, we can conclude that if we fix the point L, the points M and N that make 
the minimum perimeter LM WN are the intersections of L’L” with CA and AB, 
respectively. Now, let us see which is the best option for the point DL. We already 
know that the perimeter of DMN is L’L”, thus L should make this quantity a 
minimum. 


It is evident that AL = AL’ = AL” and that AC and AB are internal angle 
bisectors of the angles LAL’ and L” AL, respectively. Thus ZL” AL’ = 27BAC = 
2a which is a fixed angle. The cosine law applied to the triangle AL” L’ guarantees 
that 


(L'L")? = (AL')? + (AL")? — 2AL’ - AL” cos 2a 
= 2AL7(1 — cos 2a). 


Then, L/L” is minimum when AL is minimum, which will be the case when AL is 
the altitude.’° A similar analysis using the points B and C will demonstrate that 


15This would be enough to finish Fejer’s proof for the Fagnano’s problem. This is the case 
because if AL is the altitude and L’L” intersects sides CA and AB in E and F, respectively, then 
BE and CF are altitudes. Let us see why. The triangle AL’’L’ is isosceles with ZL" AL’ = 2ZA, 
then ZAL’/L” = 90° — ZA and by symmetry ZELA = 90° — ZA. Therefore ZCLE = ZA. Then 
AELB is a cyclic quadrilateral, therefore ZAE.B = ZALB = 90°, which implies that BE is an 
altitude. Similarly, it follows that C'E is an altitude. 
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BM and CN should also be altitudes. Thus, the triangle DMN with minimum 
perimeter is the ortic triangle. 


Exercise 2.73. Let ABCD be a convex cyclic quadrilateral. If O is the intersection 
of the diagonals AC and BD, and P, Q, R, S are the feet of the perpendiculars of O 
on the sides AB, BC, CD, DA, respectively, prove that PQRS is the quadrilateral 
of minimum perimeter inscribed in ABCD. 


Exercise 2.74. Let P be a point inside the triangle ABC. Let D, E and F be 
the points of intersection of AP, BP and CP with the sides BC, CA and AB, 
respectively. Determine P such that the area of the triangle DEF is maximum. 


Exercise 2.75. (IMO, 1981) Let P be a point inside the triangle ABC. Let D, E, 
F be the feet of the perpendiculars from P to the lines BC, C'A, AB, respectively. 


o Senta te. BC: CA AB 
Find the point P that minimizes 35 + pe + pF- 


Exercise 2.76. Let P, D, E and F be as in Exercise 2.75. For which point P is 
the sum of BD? + CE? + AF? minimum? 


Exercise 2.77. Let P, D, E and F be as in Exercise 2.75. For which point P is 
the product of PD- PE- PF maximum? 


Exercise 2.78. Let P be a point inside the triangle ABC. For which point P is the 
sum of PA? + PB? + PC? minimum? 


Exercise 2.79. For every point P on the circumcircle of a triangle ABC, we draw 
the perpendiculars PM and PN to the sides AB and CA, respectively. Determine 
for which point P the length MN is maximum and find that length. 


Exercise 2.80. (Turkey, 2000) Let ABC be an acute triangle with circumradius R; 
let ha, hy and h, be the lengths of the altitudes AD, BE and CF, respectively. 
Let ta, ty and t, be the lengths of the tangents from A, B and C, respectively, to 
the circumcircle DEF. Prove that 


tote 2) ee gts 
4 B04 € <_R, 
Hn do hee 


Exercise 2.81. Let ha, hy, he be the lengths of the altitudes of a triangle ABC, 
and let pa, Pp, Pe be the distances from a point P to the sides BC, CA, AB, 
respectively, where P is a point inside the triangle ABC. Prove that 
ha bh he 
@) #424 —=>¢9, 
Pa Pb De 


(ii) hahphe > 27papope, 


(iii) (Ra — Pa)(hy — po) (he — De) > 8PaPwPe- 


Exercise 2.82. If h is the length of the largest altitude of an acute triangle, then 
r+R<h. 
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Exercise 2.83. Of all triangles with a common base and the same perimeter, the 
isosceles triangle has the largest area. 


Exercise 2.84. Of all triangles with a given perimeter, the one with largest area is 
the equilateral triangle. 


Exercise 2.85. Of all inscribed triangles on a given circle, the one with largest 
perimeter is the equilateral triangle. 


Exercise 2.86. If P is a point inside the triangle ABC, 1 = PA, m = PB and 
n = PC, prove that 


(Im+mn+nl)\(l+m-+n) > a7l+b?m+4 en. 


Exercise 2.87. (IMO, 1961) Let a, b and c be the lengths of the sides of a triangle 
and let (ABC) be the area of that triangle, prove that 


4/3(ABC) <a? +b +e’. 


Exercise 2.88. Let (ABC) be the area of a triangle ABC and let F' be the Fermat 
point of the triangle. Prove that 


4/3(ABC) < (AF + BF+CF)’. 
Exercise 2.89. Let P be a point inside the triangle ABC, prove that 
PA+PB+PC>6r. 


Exercise 2.90. (The area of the pedal triangle). For a triangle ABC and a point 
P on the plane, we define the “pedal triangle” of P with respect to ABC as the 
triangle A,B,C, where A;, By, C; are the feet of the perpendiculars from P to 
BC, CA, AB, respectively. Prove that 


(R? — OP?)(ABC) 
nein — age 


where O is the circumcenter. We can thus conclude that the pedal triangle of 
maximum area is the medial triangle. 


Chapter 3 


Recent Inequality Problems 


Problem 3.1. (Bulgaria, 1995) Let S4, Sg and Sc denote the areas of the reg- 
ular heptagons A, A2A3A4As5 Ag Az, B, B2 B3B,Bs Be Bz and C1 C2C3C14C5Ce6C7, 
respectively. Suppose that A; A. = By B3 = C1C4, prove that 


1 Spt+Sc 

~ < ——  < 2-v2. 

gy v2 
Problem 3.2. (Czech and Slovak Republics, 1995) Let ABCD be a tetrahedron 
such that 


ZBAC + ZCAD+ ZDAB = ZABC + ZCBD + ZDBA = 180°. 


Prove that CD > AB. 


Problem 3.3. (Estonia, 1995) Let a, b, c be the lengths of the sides of a triangle 
and let a, 3, y be the angles opposite to the sides. Prove that if the inradius of 
the triangle is r, then 


asina+ bsinf+csiny > 9r. 


Problem 3.4. (France, 1995) Three circles with the same radius pass through a 
common point. Let S be the set of points which are interior to at least two of the 
circles. How should the three circles be placed so that the area of S is minimized? 


Problem 3.5. (Germany, 1995) Let ABC be a triangle and let D and E be points 
on BC and CA, respectively, such that DE passes through the incenter of ABC. 
If S = area(CDE) and r is the inradius of ABC, prove that S$ > 2r?. 


Problem 3.6. (Ireland, 1995) Let A, X, D be points on a line with X between A 
and D. Let B be a point such that ZABX = 120° and let C be a point between 
B and X. Prove that 2AD > /3(AB+BC+CD). 
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Problem 3.7. (Korea, 1995) A finite number of points on the plane have the prop- 
erty that any three of them form a triangle with area at most 1. Prove that all 
these points lie within the interior or on the sides of a triangle with area less than 
or equal to 4. 


Problem 3.8. (Poland, 1995) For a fixed positive integer n, find the minimum 
value of the sum 


2 3 n 
t2 , %3 tn 
01 SSS 
ee eae n 
given that 21, 22, ..., Zp are positive numbers satisfying that the sum of their 


reciprocals is n. 


Problem 3.9. (IMO, 1995) Let ABCDEF be a convex hexagon with AB = BC = 
CD and DE = EF = FA such that 2BCD = ZEFA = 3. Let G and H be 
points in the interior of the hexagon such that ZAGB = ZDHE = ar Prove that 


AG+GB+GH+DH+HE> CF. 


Problem 3.10. (Balkan, 1996) Let O be the circumcenter and G the centroid of the 
triangle ABC. Let R and r be the circumradius and the inradius of the triangle. 


Prove that OG < \/R(R — 2r). 


Problem 3.11. (China, 1996) Suppose that 2 = 0, x; > 0 fori =1,2,...,n, and 
1 Vi = 1. Prove that 


NlaA 


n 
Xi 
1< S rn? 
= ‘Tao + Uj-1 (Li, +e +h 


Problem 3.12. (Poland, 1996) Let n > 2 and aj, a2,...,an € R* with 7", aj = 1. 


Prove that for 21, 22,...,% € R*, with 07_, x; = 1, we have 
n—2 nh ajx? 
25 aa; <—— as 
die ~n—1 a Sapers 
V<J i=l 
Problem 3.13. (Romania, 1996) Let 21, v2, ..., Un, Ln41 be positive real numbers 


with 71 + %2 +++++4%y = Ln41. Prove that 


n 


nm 
> Vti(tn41— vi) < S- Ln+1(n4+1 — Li). 
i=l i=l 


Problem 3.14. (St. Petersburg, 1996) Let M be the intersection of the diagonals 
of a cyclic quadrilateral, let N be the intersection of the segments that join the 
opposite midpoints and let O be the circumcenter. Prove that OM > ON. 
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Problem 3.15. (Austria—Poland, 1996) If w, x, y and z are real numbers satisfying 
wtoet+ytz=Oand w?4+2?+4+y? + 2? =1, prove that 


-l<wet+aytyzt+zuw <0. 


Problem 3.16. (Taiwan, 1997) Let ai, ..., an be positive numbers such that 
aro eeana is an integer for all 1 = 1,...,n, ag = Qn, Gni1 = a, and n > 38. 
Prove that 
Fe lS sO cd 
ay a2 a3 an 

Problem 3.17. (Taiwan, 1997) Let ABC be an acute triangle with circumcenter 
O and circumradius R. Prove that if AO intersects the circumcircle of OBC at D, 
BO intersects the circumcircle of OCA at FE and CO intersects the circumcircle 
of OAB at F, then OD- OE: OF > 8R?®. 


Problem 3.18. (APMO, 1997) Let ABC be a triangle. The internal bisector of the 
angle in A meets the segment BC at X and the circumcircle at Y. Let I, = ay 


Define J, and I, in the same way. Prove that 


lg ly Ie 


pa >3 
sin?A sin? B sin?C — 


with equality if and only if the triangle is equilateral. 


Problem 3.19. (IMO, 1997) Let 21, ..., XY» be real numbers satisfying 
jv; +--+ +2,| = 1 and |a;| < 4 for all i = 1,...,n. Prove that there exists 
a permutation yi, ..., Yn of 41, ..., Zn such that 


n+1 
lyr + 2ya +--+ Yn] S ——- 


Problem 3.20. (Czech and Slovak Republics, 1998) Let a, b, c be positive real 
numbers. A triangle exists with sides of lengths a, b and c if and only if there exist 
numbers x, y and z such that 

Piece Bye SS 

Zz y «£ 
Problem 3.21. (Hungary, 1998) Let ABCDEF be a centrally symmetric hexagon 
and let P, Q, R be points on the sides AB, CD, EF, respectively. Prove that the 
area of the triangle PQR is at most one-half of the area of the hexagon. 


Problem 3.22. (Iran, 1998) Let 21, x2, x3 and x4 be positive real numbers such 
that 21227324 = 1. Prove that 


3 3 3 3 1 1 1 1 
t+ 494+ 234+ 04 > Max) 21+ %o+%3+%4,—+—+—+—-. 
tT %2  %3 V4 
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Problem 3.23. (Iran, 1998) Let x, y, z be numbers greater than 1 and such that 
4 + : + + = 2. Prove that 


V“etyte2>vae-l+vVJy-1lt+v2z-1. 


Problem 3.24. (Mediterranean, 1998) Let ABCD be a square inscribed in a circle. 
If M is a point on the arc AB, prove that 


MC-MD>3V3MA- MB. 


Problem 3.25. (Nordic, 1998) Let P be a point inside an equilateral triangle ABC 
of length side a. If the lines AP, BP and CP intersect the sides BC, CA and AB 
of the triangle at L, M and N, respectively, prove that 


PL+PM+PN <a. 


Problem 3.26. (Spain, 1998) A line that contains the centroid G of the triangle 
ABC intersects the side AB at P and the side CA at Q. Prove that 

PB O04 

PA QA” 4 
Problem 3.27. (Armenia, 1999) Let O be the center of the circumcircle of the 
acute triangle ABC. The lines CO, AO and BO intersect the circumcircles of 
the triangles AOB, BOC and AOC, for the second time, at C,, A; and B,, 
respectively. Prove that 

AA; BB, CQ ts 9 


OA,’ OB, 1 OC, = 2° 


Problem 3.28. (Balkan, 1999) Let ABC be an acute triangle and let L, M, N be 
the feet of the perpendiculars from the centroid G of ABC to the sides BC, CA, 
AB, respectively. Prove that 


27 ~ (ABO) 
Problem 3.29. (Belarus, 1999) Let a, b, c be positive real numbers such that 
a? + b? + c? = 3. Prove that 


1 sf 1 e 1 
1l+ab 1+bc 1+ ca 


Problem 3.30. (Czech and Slovak Republics, 1999) For arbitrary positive numbers 
a, b and c, prove that 


a i b in Cee 
b+2c c+2a at+2b7 
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Problem 3.31. (Ireland, 1999) Let a, b, c, d be positive real numbers with a + b+ 
c+d=1. Prove that 


a? b? C a? 1 


ee eep peeaeme gee et SS, 
Fuh bee ed aa 


Problem 3.32. (Italy, 1999) Let D and E be given points on the sides AB and CA 
of the triangle ABC such that DE is parallel to BC and DE is tangent to the 
incircle of ABC. Prove that 


DE< a 


Problem 3.33. (Poland, 1999) Let D be a point on the side BC of the nee seed 
such that AD > BC. The point E on CA is defined by the equation 4 ae 
Prove that AD > BE. 


= ae seh 


Problem 3.34. (Romania, 1999) Let a, b, c be positive real numbers such that 
ab + be + ca < 3abe. Prove that at+b+c<a4+B4+. 


Problem 3.35. (Romania, 1999) Let 21, v2, ..., Yn be positive real numbers such 
that 7172---x, = 1. Prove that 


1 1 1 
+ ——— + ---+ —_ < l 
n-lt+a, n-1+22 n-14+2p 


Problem 3.36. (Romania, 1999) Let n > 2 be a positive integer and 21, yi, V2, Yo, 
, Zn; Yn be positive real numbers such that 71 +22 +--++ 2, > x1y1 + ayo + 
+++ 2nYn-. Prove that 


L1 v2 In 
ty +tet- +on <p +e 4S, 
Y1 Y2 Yn 


Problem 3.37. (Russia, me) ae a, b and c be positive real ee with abe = 1. 
Prove that ifa+b+ce<+ -~+¢ +++ i , then a® + 6" +c? < + + = +a for every 
positive integer n. 


Problem 3.38. (Russia, 1999) Let {x} = x — [2] denote the fractional part of x. 
Prove that for every natural number n, 


n2 


d {vi} <= 


gat 


Problem 3.39. (Russia, 1999) The positive real numbers x and y satisfy 2? + y? > 
x + y*. Prove that 
g+y® <2. 
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Problem 3.40. (St. Petersburg, 1999) Let zo > a1 > --- > Xp be real numbers. 
Prove that 


1 1 
f+... 4 ————__ > a, $+: 2n. 


ZO + : 
To — Ly v1 — &2 In-1 — Xn 


Problem 3.41. (Turkey, 1999) Prove that (a + 3b)(b + 4c)(c + 2a) > 60abc for all 
real numbers 0 << a<b<e. 


Problem 3.42. (United Kingdom, 1999) Three non-negative real numbers a, b and 
c satisfy a+ b+c= 1. Prove that 


7(ab + be + ca) < 2 + Yabc. 


Problem 3.43. (USA, 1999) Let ABCD be a convex cyclic quadrilateral. Prove 
that 

|AB —CD|+|AD — BC| > 2|AC — BD]. 
Problem 3.44. (APMO, 1999) Let {a,,} be a sequence of real numbers satisfying 
ait; <a; ta; for all i,j =1,2,.... Prove that 


at ott Bay for alln EN. 
n 


Problem 3.45. (IMO, 1999) Let n > 2 be a fixed integer. 


(a) Determine the smallest constant C such that 


S- rir; (x3 +a23)<C oa Li 


1<i<j<n 1l<i<n 
for all nonnegative real numbers 21,...,2n. 


(b) For this constant C determine when the equality occurs. 


Problem 3.46. (Czech and Slovak Republics, 2000) Prove that for all positive real 


numbers a and 8, 
e+ fi < < (/2(a+ b) 


Problem 3.47. (Korea, 2000) The real numbers a, b, c, x, y, z satisfya > b>c>0 
and x > y > z > 0. Prove oe 


2 2 2 2 


ata ns by? ue Cz as 3 
(by + cz)(bz + cy) (cz+ax)(cu+az) (ax+by)(ay+br) ~ 4 
Problem 3.48. (Mediterranean, 2000) Let P, Q, R, S be the midpoints of the sides 
BC, CD, DA, AB, respectively, of the convex quadrilateral ABCD. Prove that 


4(AP? + BQ? + CR? + DS”) < 5(AB? + BC? + CD? + DA’). 
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Problem 3.49. (Austria—Poland, 2000) Let x, y, z be non-negative real numbers 
such that «+ y+ z= 1. Prove that 


24 (ie P+ lsy)y ease y <del +y)0+2). 


Problem 3.50. (IMO, 2000) Let a, b, c be positive real numbers with abc = 1. 


Prove that ; i i 
(«-1+5) (-1+2) (c-1+2) 21, 
b Cc a 


Problem 3.51. (Balkan, 2001) Let a, b, c be positive real numbers such that abc < 
a+b-+c. Prove that 
a+h+ce> V3 abe. 


Problem 3.52. (Brazil, 2001) Prove that (a+b)(a+c) > 2\/abc(a + b+ c), for all 
positive real numbers a, 0, c. 


Problem 3.53. (Poland, 2001) Prove that the inequality 


n 


i=1 


i=1 
holds for every integer n>2 and for all non-negative real numbers 21, %2,...,2n. 


Problem 3.54. (Austria—Poland, 2001) Prove that 


a+b b+e cta @+H?+e 
+ + — —— <3 


— by 


2 
ss a b abc 


where a, b, c are the lengths of the sides of a triangle. 


Problem 3.55. (IMO, 2001) Prove that for a, b and c positive real numbers we 


have 
a b Cc 
> 1. 


ee 
Va2+8be VWb%?+8ca vVc?2+8ab 


Problem 3.56. (Short list IMO, 2001) Let 21, xa, ..., & be real numbers, prove 
Ly v2 rn 


that 
—_—_— ———_—_—__——. eee SC XK : 
ite leer! ‘Ta ee ve 


Problem 3.57. (Austria, 2002) Let a, b, c be real numbers such that there exist 
a, 8, y € {-1,1} with aa + b+ yc = 0. Determine the smallest positive value of 


a®§+b3+c3 2 
( abc ) . 
Problem 3.58. (Balkan, 2002) Prove that 


ee ee eee ae 
b(ia+b) clb+c)  a(ct+a) ~ (a+b+c)? 


for positive real numbers a, ), c. 
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Problem 3.59. (Canada, 2002) Prove that for all positive real numbers a, 8, c, 


a & 
—+—+— >atb+e, 
be ca ab 

and determine when equality occurs. 


Problem 3.60. (Ireland, 2002) Prove that 


x y is 3Y/ YZ 


——+——+ 


l-a 1l-y 1l1-2z7 1- ¥tyz 


for positive real numbers z, y, z less than 1. 


Problem 3.61. (Rioplatense, 2002) Let a, b, c be positive real numbers. Prove that 


Gast Be ged ne Ss] 
b+te 2 cta 2 a+b 2) 7° 


Problem 3.62. (Rioplatense, 2002) Let a, b, c be positive real numbers. Prove that 


a+b b+ece cta 9 pease 
2 a2 be ~at+b+e abe 


Cc 


Problem 3.63. (Russia, 2002) Prove that /x+ /y+ /z > xy+yz+ za for x, y, 
z positive real numbers such that x+y+2z=83. 


Problem 3.64. (APMO, 2002) Let a, b, c be positive real numbers satisfying 4 + 
+ + 4 = 1. Prove that 


Vat be+ Vb+ cat Ve+ab > Vabe+ Jat Vb+ Ve. 


Problem 3.65. (Ireland, 2003) The lengths a, b, c of the sides of a triangle are such 
that a+ 6+ c= 2. Prove that 


1 
1<ab+bce+ca—abe<1+ a7" 
Problem 3.66. (Romania, 2003) Prove that in any triangle ABC the following 


inequality holds: 
1 1 1 3 
+ + pe 


ais. 2 
MoNe MeMqg MaMp S 


where S is the area of the triangle and ma, mp, m- are the lengths of the medians. 


Problem 3.67. (Romania, 2003) Let a, b, c, d be positive real numbers with abcd = 


1. Prove that 
1l+ab 1+bc 1+cd l+dal, 


l+a 1+6 1l+c l+d~— 
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Problem 3.68. (Romania, 2003) In a triangle ABC, let Iu, ly, |. be the lengths of 
the internal angle bisectors, and let s be the semiperimeter. Prove that 


gts SAS: 


Problem 3.69. (Russia, 2003) Let a, b, c be positive real numbers with 
a+b+c=1. Prove that 
1 1 1 2 2 2 
— + —— = : 
l-a 1-b 1l-ce71+a 1+b Il+e 


Problem 3.70. (APMO, 2003) Prove that 


9 
9” 
where n > 1 is an integer and a, b, c are the side-lengths of a triangle with unit 


perimeter. 


Problem 3.71. (IMO, 2003) Given n > 2 and real numbers 21 < wg <--+ < an, 
prove that 


(a? +b") + (O° 40%) = 4 (cP +a")* <14 


2 
2 
Yo lti-a,jl] < zn" —1) $0 - 2;)?, 
tJ tJ 
where equality holds if and only if 71, x2, ..., x, form an arithmetic progression. 


Problem 3.72. (Short list Iberoamerican, 2004) If the positive numbers 21, x2, ..., 
Ly satisfy x] + 22 +-+:+ 2, = 1, prove that 


iw) 


T1 T2 In n 
$$ ¢ ———__ } -- - + — =. 
v(t, + X2+43) w3(a@o +43 + x4) 1(ay +21 + £2) 3 
Problem 3.73. (Czech and Slovak Republics, 2004) Let P(x) = ax? + bx + c be 
a quadratic polynomial with non-negative real coefficients. Prove that for any 
positive number 2, 


Problem 3.74. (Croatia, 2004) Prove that the inequality 
a? b? oa 


(a+ b)(a+c) T (b+ c)(b+a) a (c+ a)(c+ 6) 


3 
2 
— 4 
holds for all positive real numbers a, 8, c. 


Problem 3.75. (Estonia, 2004) Let a, b, c be positive real numbers such that 
a? + b? +c? = 3. Prove that 
1 fi 1 is 1 = 
1+2ab 14+2be 142ca — 
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Problem 3.76. (Iran, 2004) Let x, y, z be real numbers such that xyz = —1, prove 
yaae 2 2 2 2 2 2 
Pega Gaye) ee ee ee 
y z x z x y 

Problem 3.77. (Korea, 2004) Let R and r be the circumradius and the inradius 
of the acute triangle ABC, respectively. Suppose that ZA is the largest angle of 
ABC. Let M be the midpoint of BC and let X be the intersection of the tangents 
to the circumcircle of ABC at B and C. Prove that 

es AM 

R~ AX’ 
Problem 3.78. (Moldova, 2004) Prove that for all real numbers a, b, c > 0, the 
following inequality holds: 


+R +3 >avoce+ beat evab. 


Problem 3.79. (Ukraine, 2004) Let x, y, z be positive real numbers with «+ y+z = 
1. Prove that 


Viytez+Vyzt+utVerty elt Jfayt JSyzt+ Vee. 


Problem 3.80. (Ukraine, 2004) Let a, b, c be positive real numbers such that 
abc > 1. Prove that 
a? +b? +c? > ab+be+ ca. 
Problem 3.81. (Romania, 2004) Find all positive real numbers a, b, c which satisfy 
the inequalities 
A(ab + be-+ca) -1> 0? +0? +e > 3(a? +0 +c°). 
Problem 3.82. (Romania, 2004) The real numbers a, b, ¢ satisfy a? + b? +c? = 3. 
Prove the inequality 
la| + |b] + |c| — abe < 4. 
Problem 3.83. (Romania, 2004) Consider the triangle ABC and let O be a point in 
the interior of ABC. The straight lines OA, OB, OC meet the sides of the triangle 
at A,, By, C1, respectively. Let Ri, Ro, Rs be the radii of the circumcircles of 
the triangles OBC, OCA, OAB, respectively, and let R be the radius of the 
circumcircle of the triangle ABC. Prove that 


OA, OB, OC") 
PA pe 4c PL 
AA BB? CC, 


Problem 3.84. (Romania, 2004) Let n > 2 be an integer and let a1, a2, ..., dn be 
real numbers. Prove that for any non-empty subset S Cc {1,2,...,n}, the following 


inequality holds: 
2 
(sa) sD t-te 


ieS 1<i<j<n 


R3 > R. 
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Problem 3.85. (APMO, 2004) For any positive real numbers a, b, c, prove that 
(a? + 2)(b? + 2)(c? +2) > 9(ab + be + ca). 


Problem 3.86. (Short list IMO, 2004) Let a, b and c be positive real numbers such 
that ab+ be+ ca = 1. Prove that 


+a V3 
— <—. 
: a abc 


Problem 3.87. (IMO, 2004) Let n > 3 be an integer. Let t1, ta, ..., tn be positive 
real numbers such that 


1 1 1 
We+1> (tp tte te + ty) (A+h+ +d). 
Prove that t;, t;, t, are the side-lengths of a triangle for all 7, 7, k with 1 <i < 


j<k<n. 


Problem 3.88. (Japan, 2005) Let a, b and c be positive real numbers such that 
a+b+c=1. Prove that 


aV1+b—c+bWl+c—atavl+a—b< 1. 


Problem 3.89. (Russia, 2005) Let x1, 22, ..., %¢ be real numbers such that 27 + 
rat+-+-+22 =6 and 71 +%2+-:-+ 26 = 0. Prove that 17172---x%g < $. 


Problem 3.90. (United Kingdom, 2005) Let a, b, c be positive real numbers. Prove 


that 
Bee Sie Pad SMe an 
be apr rid EB c) 


Problem 3.91. (APMO, 2005) Let a, b and c be positive real numbers such that 
abc = 8. Prove that 


i 


a2 et ey eB 
(1 +. a3)(1 + 83) (+0) +3) G+e)i+a) 3 


Problem 3.92. (IMO, 2005) Let x, y, z be positive real numbers such that xyz > 1. 
Prove that Z ‘ : . 
v2 yy Pz aN 


Cage fetta eta 


5 2 


Problem 3.93. (Balkan, 2006) Let a, b, c be positive real numbers, prove that 


1 1 1 3 
a ees > 
ab+1) etl) ea@-l) — 1+ abe 
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Problem 3.94. (Estonia, 2006) Let O be the circumcenter of the acute triangle 
ABC and let A’, B’ and C’ be the circumcenter of the triangles BCO, CAO and 
ABO, respectively. Prove that the area of the triangle ABC is less than or equal 
to the area of the triangle A’B’C’. 


Problem 3.95. (Lithuania, 2006) Let a, b, c be positive real numbers, prove that 


1 as 1 e 1 <i Di 2s te 
at+be b?+ca c?+ab7~ 2\ab be ca) 


Problem 3.96. (Turkey, 2006) Let a1, a2, ..., @, be positive real numbers such 
that 
a, +a24++++- +a, =apt+apt + =A. 
Prove that 
a; _ (n—1)7A 
ay —~ A-t1 
Problem 3.97. (Iberoamerican, 2006) Consider n real numbers a1, a2, ..., Gn, 


not necessarily distinct. Let d be the difference between the maximum and the 
minimum value of the numbers and let s = )7;-; |ai — aj|. Prove that 
Ad 
(n-1)d<s< — 
4 
and determine the conditions on the n numbers that ensure the validity of the 
equalities. 


Problem 3.98. (IMO, 2006) Determine the least real number M such that the 
inequality 


|ab(a? — b*) + be(b — c?) + calc? — a?)| < M(a? +0? +c)? 


is satisfied for all real numbers a, 0, c. 


Problem 3.99. (Bulgaria, 2007) Find all positive integers n such that if a, b, c are 
non-negative real numbers with a+ b+ c= 3, then 


abe(a™ + 6” +c") <3. 
Problem 3.100. (Bulgaria, 2007) If a, b, c are positive real numbers, prove that 


(a+1)(b+1)? i (b+1)(c +1)? P (c+ 1)(a+1)? 
3Vcea2 +1 3Va2b? + 1 3Vb2c2 +1 
Problem 3.101. (China, 2007) If a, b, c are the lengths of the sides of a triangle 
with a+ b+c=3, find the minimum of 


>atb+c+3. 


4ab 
PHP +O. 
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Problem 3.102. (Greece, 2007) If a, b, c are the lengths of the sides of a triangle, 
prove that 


(a+b—c)* (b+c-—a)*  (c+a-—b)4 


ES aE ah ea cee 
b(b+ce-—a) cle+a—b) a(atb—c) Shree 


Problem 3.103. (Iran, 2007) If a, b, c are three different positive real numbers, 
prove that 

a+b b+c cta 
a—b b-c cra 


>1. 


Problem 3.104. (Mediterranean, 2007) Let x, y, z be real numbers such that 
zy + yz+ 24 =1. Prove that xz < 5. Is it possible to improve the bound 3? 


Problem 3.105. (Mediterranean, 2007) Let « > 1 be a real number which is not 
an integer. Prove that 


(Sar zea) *(Cap zee) 72 


where [a] and {a} represent the integer part and the fractional part of x, respec- 
tively. 

Problem 3.106. (Peru, 2007) Let a, b, c be positive real numbers such that a+ b+ 
c>++ 744. Prove that 


2 


at+b+ce> ——+4—. 
a+b+c_ abc 


Problem 3.107. (Romania, 2007) Let a, b, c be positive real numbers such that 


1 1 1 
a es eee 
FEbEL” $ce 1 cna = 


Prove that 
a+b+c>ab+be+ca. 


Problem 3.108. (Romania, 2007) Let ABC be an acute triangle with AB = AC. 
For every interior point P of ABC, consider the circle with center A and radius 
AP; let M and N be the intersections of the sides AB and AC with the circle, 
respectively. Determine the position of P in such a way that MN + BP+CP is 
minimum. 


Problem 3.109. (Romania, 2007) The points M, N, P on the sides BC, CA, AB, 
respectively, are such that the triangle MNP is acute. Let x be the length of 
the shortest altitude in the triangle ABC and let X be the length of the largest 
altitude in the triangle MNP. Prove that 7 < 2X. 
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Problem 3.110. (APMO, 2007) Let x, y, z be positive real numbers such that 
Vi+/yt Jz =1. Prove that 

x? + yz y? t+ 22 z+ ay 

2u2(y + z) 2y2(z + x) 222(a+y) 
Problem 3.111. (Baltic, 2008) If the positive real numbers a, b, c satisfy a? + 6? + 
c? = 3, prove that 

a? - b? ie oe (a+b+c)? 

24+b+c? 2+c+a? 2+a+b? — 12 

Under which circumstances the equality holds? 


Problem 3.112. (Canada, 2008) Let a, b, c be positive real numbers for which 
a+b6+c=1. Prove that 


a—be b—ca c—ab 
at+be b+ca ct+ab— 


Problem 3.113. (Iran, 2008) Find the least real number K such that for any 
positive real numbers z, y, z, the following inequality holds: 


3 
= 


rlytyVzt2Je< KV/(a+y(ytz(z+2). 
Problem 3.114. (Ireland, 2008) If the positive real numbers a, b, c, d satisfy a? + 
b? + c? + d? = 1, prove that 
a*b?cd + ab?c?d + abc2d? + abcd? + a*bc2d + ab*cd? < = 
Problem 3.115. (Ireland, 2008) Let x, y, z be positive real numbers such that 
xyz > 1. Prove that 
@2tslrety) Oye a+ ete) 
(6) \Gtaeg) apy ey (ee tay <3 ez) 
The equalities hold if and only if#=y=z=1. 
Problem 3.116. (Romania, 2008) If a, b, c are positive real numbers with ab+ be+ 
ca = 3, prove that 
1 a 1 1 - 1 
1+a2(b+c) 14+0b2%(c+a) 1+c?(a+b) ~ abc 


Problem 3.117. (Romania, 2008) Determine the maximum value for the real num- 
ber k if 


a+b b+c cta 
for all real numbers a, b, c > 0 and with a+b+c=ab+ bc+ca. 


1 1 1 
(a+b+e( - ae ~k) > 


Recent Inequality Problems 115 


Problem 3.118. (Serbia, 2008) Let a, b, c be positive real numbers such that 
a+b+c=1. Prove that 


a? +b? +c + 3abe > 


Ole 


Problem 3.119. (Vietnam, 2008) Let x, y, z be distinct non-negative real numbers. 


Prove that 
1 1 1 4 
> 


———.. + ——_, + —_., > —_—___.. 
(@—y)? (yz)? (z2— a)? © wy t+ yet 2a 
When is the case that the equality holds? 
Problem 3.120. (IMO, 2008) 


(i) If x, y, z are three real numbers different from 1 and such that xyz = 1, 
prove that 
2 2 2 
Z y sf >1. 


(@@-1?* Wi? G1? - 


(ii) Prove that the equality holds for an infinite number of x, y, z, all of them 
being rational numbers. 


Chapter 4 


Solutions to Exercises and 
Problems 


In this chapter we present solutions or hints to the exercises and problems that 
appear in this book. In Sections 1 and 2 we provide the solutions to the exercises 
in Chapters 1 and 2, respectively, and in Section 3 the solutions to the problems in 
Chapter 3. We recommend that the reader should consult this chapter only after 
having tried to solve the exercises or the problems by himself. 


4.1 Solutions to the exercises in Chapter 1 


Solution 1.1. It follows from the definition of a < b and Property 1.1.1 for the 
number a — b. 

Solution 1.2. (i) If a < 0, then —a > 0. Also use (—a)(—b) = ab. 

(ii) (—a)b > 0. 


(iii) a << b<}b—a> 0, now use property 1.1.2. 
(iv) Use property 1.1.2. 

(v) pe <0, then —a > 0. 

(vi) at =1>0. 

(vii) Ifa< 0, then —a > 0. 

(viii) Use (a) and property 1.1.3. 

(ix) Prove that ac < bc and that be < bd. 

(x) Use property 1.1.3 with a—1>0anda>0. 
(xi) Use property 1.1.3 with 1—a>0anda>0. 


Solution 1.3. (i) a? < b? = b? — a? = (b+a)(b—a) > 0. 

(ii) If b > 0, then ; > 0, now use Example 1.1.4. 

Solution 1.4. For (i), (ii) and (iii) use the definition, and for (iv) and (v) remember 
that |a|? = a?. 
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Solution 1.5. (i) « < |a| and —a < |a]. 

(ii) Consider |a] = |a — b + b| and |b] = |b — a + al, and apply the triangle inequal- 
ity. 

(iii) (a? +ay+y?)(a—y) =a? —y?. 

(iv) (2? —a2y + Pe +y) = 29 + 

Solution 1.6. If a, b or c is zero, the equality follows. Then, we can assume |a| > 
|b| > |c| > 0. Dividing by |a|, the inequality is equivalent to 


b 
a 


<| 4 


Cc 
a 


Since |2| < 1 and |£| < 1, we can deduce that |1+ 2] =1+ 4 and |1+ £]| =1+¢ 
Thus, it is sufficient to prove that 


b b 
- (1424S) +]i+e+'] oo. 
a a a a 


Now, use the triangle inequality and Exercise 1.5. 


Solution 1.7. (i) Use that 0 < b< 1 and 1+a> 0 in order to see that 


bo e¢ 


b— 
O0<bl+a)<lta>0<sb-asl—abs0<_ 


a 
<i. 
= 


(ii) T he tae on the left-hand side is clear. Since 1+ a < 1+), it follows 


that 7 Ts <x Ste = and then prove that 


eeneee eg ee, ee = GEN og 
1+b l+a71+a l+a tl1+a7 ~ 


(iii) For the inequality on the left-hand side, use that ab? — ba? = ab(b — a) is the 
product of non-negative real numbers. For the inequality on the right-hand side, 
note that b<1=> b? <b=> —b < —b?, and then 

1 


1 
ab’ — ba® < ab? — b*a? = b*(a — a") Sa- a? = 7 — (5 - ay < 


io 


eelunon 1.8. Prove in general that x < J2>1+ > V2 and that x > V2 > 
1+ aes < J/2. 


Solution 1.9. ax + by > ay+ br = (a — b)(a — y) > 0. 


i> 


Solution 1.10. we ae paoune oe x > y. Then, use the previous exercise substi- 


tuting with Vx?, /y ay 7 and J 


Solution 1.11. Observe ie 


(a —b)(c—d) + (a —c)(b— d) + (d—a)(b—c) = 2(a — b)(c—d) = 2(a — )* > 0. 
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Solution 1.12. It follows from 


f(a,c,b,d) — f(a, 6, c,d) = (a — c)? — (a—b)? + (6-—d)? — (ec — d)? 


GMa Le) ae b—c)*? —(6—d)? + (d— a)? —(e— a)? 
d—c)(2b—c— conan 


ge c)(b—a) > 


Solution 1.13. In order for the expressions in the inequality to be well defined, it 
is necessary that x > —} and « # 0. Multiply the numerator and the denominator 
by (1 + /1+ 2x). Perform some simplifications and show that 2,\/2x+1 < 7; 
then solve for x. 


Solution 1.14. Since 4n? < 4n?+n < 4n?+4n-+1, we can deduce that 2n < 

V4n? +n < 2n+1. Hence, its integer part is 2n and then we have to prove that 
4n? +n < 2n+ i, this follows immediately after squaring both sides of the 

inequality. 

Solution 1.15. Since (a? — b?)(a? — b?) > 0, we have that a°® + b° > a?b?(a + b), 

then 


ab ab abc? Cc 


a&+b>+ab~ a®b?(a+b)+ab a®b?ct(a+b)+abAR a+bt+e 
o> Be Db b 
Similarly, ae < Pan ae and es < poe: Hence, 


ab Ss be i ca 2 c 4: a a b 
e+bF+ab +2+be &+a+ca” atb+c atb+c atbt+e’ 


at ae = cta+b aris, 


but a+b+e a+b+e a+b+e 


Cc 
a+b+ec 
Solution 1.16. Consider p(x) = ax? +ba +c, using the hypothesis, p(1) =a+b+e 


and p(—1) = a— 6+ c are not negative. Since a > 0, the minimum value of p is 
dac—b? 
4a 


attained at = and its value is < 0. If x1, x2 are the roots of p, we can 
deduce that & = —(x; +42) and £ = 2122, therefore #%** = (1 — x))(1 — 2), 
aobte = (1+21)(1+ a2) and = = 1— «2129. Observe that, (1 —21)(1— 22) > 0, 


(l+a1)(1+ 22) >0 and 1— 2,22 > 0 imply that —1 < 2,72 < 1. 


Solution 1.17. If the mccualuice are true, then a, b and ¢ are less than 1, and 
a(1—b)b(1 —c)c(1—a) > %. On the other hand, since x(1—2x) < § forO0 <a <1, 


then a(1 — b)b(1 — e)c(1 Ma) < oe 


Solution 1.18. Use the AM-GM inequality with a=1, b=. 
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Solution 1.19. Use the AM-GM inequality with a = x, b= 4. 
Solution 1.20. Use the AM-GM inequality with a = x”, b = y?. 
Solution 1.21. In the previous exercise add x? + y? to both sides. 


Solution 1.22. Use the AM-GM inequality with a = ory b = =¥ and also use 
the AM-GM inequality for « and y. Or reduce this to Exercise 1.20. 


Solution 1.23. 
Solution 1.24. 


Solution 1.25. 
Q. 


Solution 1.26. 
Solution 1.27. 
Solution 1.28. 
Solution 1.29. 
Solution 1.30. 


Solution 1.31. 


Solution 1.32. 


Solution 1.33. 


Solution 1.34. 


Solution 1.35. 


Solution 1.36. 


Solution 1.37. 


Solution 1.38. 


n-1 n-1 
lho ote Sa 


Solution 1.39. 
Solution 1.40. 


Use the AM-GM inequality with ax and - 
Use the AM-GM inequality with # and a 


2 
ath _ Jab = Wa) simplify and find the bounds using 0 < b < 


x+y > 2,/cy. 


x? + y? > Qay. 


ry + 2% > 22,/yzZ. 


See Exercise 1.27. 


1 1 2 
aty > ao" 


2 
tu + > 2y/BEE = ay. 
ae 244? 
Pt) S ayy? + 2. 


attyt+8=at+y4+444 > 4i/r4y16 = Bay. 


(a+b+c+d) > 4WVabcd, (4++%4+44+4)>4V 4. 


(a1 +--+ + an) > nwa En, (4+ +L)eng =z 
a1 4 a2 4, Qn [Gdn 
le a a ee 
n nol a n—-1 
a®—-1>n(az —a® )  (a-1)(a"14+---4+1) >na® (a- 
1 bok Reena nf tain nal 
, but ee—te  S a7 =q az. 


1 = (24) (444) (148) = VavBye= vaho 
Using the AM-GM inequality, we obtain 


[a3 3 
be > 34 Sy be = 8ab. 


a® be 
a ae 
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Similarly, 7 + . + ca > 3bc and < + . + ab > 3ca. Therefore, em + os + “) + 
(ab + be + ca) > 3(ab + be + ca). 


Second solution. The inequality can also be proved using Exercise 1.107. 


Solution 1.41. If abc = 0, the result is clear. If abc > 0, then we have 


GP Ades 8 1 ase +6(245)4 aes 
= = —_ = = = = = cC =< eS 
c a b 2 iy cb a c boa 


> =(2a + 2b + 2c), 


Dlr 


and the result is evident. 


Solution 1.42. Apply the AM-GM inequality twice over, a7b + b?¢ + c?a > 3abe, 
ab? + be? + ca? > 3abe. 


1l+a l+a 


1l+ab 1+bc 1l1+ca l+e l+a 1+6 
=ab be | ——— 
hia Eee ie (SHE) +66 (EF) + on (2) 


Solution 1.43. 1122 = sbctab _ gp ( ec), 


IV 


Solution 1.44. (4 +oe+o ) (a+b+c) > 3 is equivalent to 


a+b b+e cta 


1 1 1 
— + — b >9 
(tt) +b pect a) > ¥, 


which follows from Exercise 1.36. For the other inequality use 4 + ; = rae See 
Exercise 1.22. 
Solution 1.45. Note that 
nt+H,  (1+1)+(14+4$)+---+(14+ 3) 
n 7 n : 
Now, apply the AM-GM inequality. 
Solution 1.46. Setting y; = ce then #; = = -l= rae Observe that yi +--++ 


1 
n—1 


Yn = 1 implies that 1 — yj = D052; yi, then D0 j4; yi = (n — 1) he, ui) and 


Hj: ne 7) (n—1)" TT (II; ui) 
Mx-( ete 2g 


i Mi 


a 
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Solution 1.47. Define a,41 = 1—(a,+---+a,) and x; = 14 fori=1,...,n+1. 
Apply Exercise 1.46 directly. 


Solution 1.48. >" =1> 1 py = 2-1. Observe that 


a Lie Lae Lye 


-Llatay a ee ye (Vai vai — V)(Vai~ VG)*(Vai + VG) 
(1+ a;) Jam fai a (1 + ai)(1 + aj) /ai/aj 


i= 1 TEE 


n 


1 = 2+a;+a; 
Since 1 2 oc + Ita; ~~ 1+aj;+a;+a;a;’ 


terms of the last sum are ae 


we can deduce that aja; > 1. Hence the 


Solution 1.49. Let Sa = Oy) Gy and Sy = Vis a. Then 


t=1 a; + 
n 2 2 n n 
~ a; bs ~ ~ 
Sq —Sp= £ t= ay — b; =0 
a; +); , 
i=1 “* C i=1 i=l 


thus Sq = S, = S. Hence, we have 


Ooagth 1a@ty? < 
a a+b, = 2 a, + bj = 204 


where the inequality follows after using Exercise 1.21. 


Solution 1.50. Since the inequality is homogeneous!® we can assume that abe = 1. 
Setting « = a®, y = b° and z = c’, the inequality is equivalent to 
1 1 1 
et 
attyt+l ytezt+l z4+241 


Let A=a+y+1,B=y+z2+landC=2z+2+1, then 


1 1 


ctatas! AARC) = (FES Ley iS 6 


> 
S(e@t+y)\(ytz(z2+2)-2A(et+yt+z)>2 
& (w+ y+ 2)(2y bye + ee — 2) > 3. 


Now, use that 


e+ytz ry + yz+ 2x 
3 3 
16A function f(a, b,...) is homogeneous if f (ta, tb,...) = tf(a,b,...) for each t € R. Then, an 


inequality of the form f(a,b,...) > 0, in the case of a homogeneous function, is equivalent to 
f (ta, tb,...) > 0 for any t > 0. 


wR 


> (azy)3 and > (xyz)3. 
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Second solution. Follow the ideas used in the solution of Exercise 1.15. Start with 
the inequality (a? — 6?)(a—b) > 0 to guarantee that a? + 63+ abe > ab(a+b+c), 


then 
1 Cc 


a? +b? +.abe ~ abc(a+b+c) 


Solution 1.51. Note that abc < (atbtey® =i. 


Sot edo Pete pee a ee ea 
a b c 7 a bc ab be ca. abe 
3 


Solution 1.52. The inequality is equivalent to (+2) (4¢*) (442) > 8. Now, we use 
the AM-GM inequality for each term of the product and the inequality follows 
immediately. 


Solution 1.53. Notice that 


a b c 
(atl1j(b+1) (b+1)(c+ De (e+ 1)(a+1) 
_ (a4ib+iler)~2_, 8 
~ (a+1)\(b+1)(e+1) (a+1)(b+1)(c+1) ~ 4 


if and only if (a+1)(6+1)(c+1) > 8, and this last inequality follows immediately 
from the inequality (*$+) (4+) ($+) > Vavbve=1. 


Solution 1.54. Observe that this exercise is similar to Exercise 1.52. 


Solution 1.55. Apply the inequality between the arithmetic mean and the harmonic 


mean to get 
2ab 2 a+b 


Pre ct es Se 
a+b 4 + ; — 2 

We can conclude that equality holds when a = b=. 

Solution 1.56. First use the fact that (a+ b)? > 4ab, and then take into account 


that 
= 
ae 
oO ab 
i=1 


Now, use Exercise 1.36 to prove that 


n 


1 


j=l (a; + b;) 
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Solution 1.57. Using the AM-GM inequality leads to ry + yz > 2y./xz. Adding 
similar results we get 2(2y + yz + za) > 2(a/yz + y/za + z,/zy). Once again, 
using AM-GM inequality, we get x? mg +y?+2? > 4a,/yz. Adding similar results 
once more, we obtain x? + y? + 27 > wf yz + yV/za + z,/ty. Now adding both 


results, we reach the conclusion (or > vr /Yz + y Jen + 2/2 
Solution 1.58. Using the AM-GM inequality takes us to 2*+y* > re Applying 


AM-GM inequality once again shows that 2a?y? + 2? > V8xyz. Or, directly we 
have that 


ee 
el Poe ives ee —7*_ = V8xryz. 
Solution 1.59. Use the AM-GM inequality to obtain 


2 2 
aie ee ee 
y-1 -«@-1 (a — 1)(y—1) 


The last inequality follows from at > 2, since (x — 2)? > 0. 


Second solution. Let a = x —1 and b = y —1, which are positive numbers, 
then the inequality we need to prove is equivalent to a + ae > 8. Now, 
by the AM-GM inequality we have (a + 1)? > 4a and (b+ 1)? > 4b. Then, 
aus + oe >4 (¢ + e) > 8. The last inequality follows from Exercise 1.24. 


Solution 1.60. Observe that (a,b,c) and (a?, b?,c?) have the same order, then use 
inequality (1.2). 


Solution 1.61. By the previous exercise 
ee +o So bb be a: 


Observe that (+, ,+) and (4, zs, 4s) can be ordered in the same way. Then, use 
inequality (1.2) to get 


(ab)* + (bc)? + (ca)? == +545 


11 11 11 
—~arc ba cb 
b cia 


b oi c 
=a’b+e+ca. 
Adding these two inequalities leads to the result. 


Solution 1.62. Use inequality (1.2) with (a1, a2,a3) = (b1, be, bs) 


(a',, 45, a3) = (2, a #), 


I 
— 
ole 
olm 
ale 
er 

iv) 
=) 
a 
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Solution 1.63. Use inequality (1.2) with (a1, a2,a3) = (1, be, b3) = (4, i, +) and 
(a4,.43,45) = ($s o> 3): 

Solution 1.64. Assume that a < b < c, and consider (a1, a2,a3) = (a,b,c), then 
use the rearrangement inequality (1.2) twice over with (a4, a5,a) = (b,c,a) and 
(c, a,b), respectively. Note that we are also using 


(che C= a a) 


b+c—a’cta—b’a+b-—c 


Solution 1.65. Use the same idea as in the previous exercise, but with n variables. 


Solution 1.66. Turn to the previous exercise and the fact that 7 = 1+ a= : 


Solution 1.67. Apply Exercise 1.65 to the sequence aj, ..., Gn, G1, ---, Qn- 


Solution 1.68. Apply Example 1.4.11. 


Solution 1.69. Note that 1 = (a? +6? +c?) +2(ab+bc+ca), and use the previous 


exercise as follows: 
1_atbte. a2 + b2 + c? 
eo 8 | 3 


Therefore $ < a? + b? + c?. Hence, 2(ab + be + ca) < $, and the result is evident. 


Second solution. The inequality is equivalent to 3(ab + be + ca) < (a+b+c)?, 
which can be simplified to ab + be + ca < a? + b? + c?. 


Solution 1.70. Let G = %/71%2--- 2%, be the geometric mean of the given numbers 
and (a1, @2,..-,@n) = (4, eee Sa, 
Using Corollary 1.4.2, we can establish that 


a Gi= a G G G G 
mete py Sa Hp Ht St SH, 
a2 a3 An ay v2 L3 Xn Ly 
thus - 
<G. 
++: apis, Ae 


a1 a2 An Ly x2 x 
<-4+— ae ot = ep SS ape 
beet Sarr fea <G, G 
then 
G< T1+lag++:: +I 
n 
The equalities hold if and only if a, = ag = -:: = Gn, that is, if and only if 


CH= %Q S++ ST. 
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Solution 1.71. The inequality is equivalent to 
a eee oe eee 
ee ae eee > poe A Ne 


which can be verified using the sign aes inequality several times over. 


Solution 1.72. First note that S77, a = viet T= — VL, VI = aj. Use 


the AM-GM inequality to obtain 
l= 1— Jl =a ~\ \ WiLsad=a) */T I, (1 — a) = ai) 
ty, (= ai) = i (1 aj aj) V a 


Moreover ,the Cauchy-Schwarz inequality serves to show that 


2 


Solution 1.73. (i) /4a +1 < 44444 = 2a +1. 

(ii) Use the Cauchy-Schwarz inequality with u = (\/4a +1, 4b + 1, /4c +1) and 
=a 

Solution 1.74. Suppose that a > b > c > d (the other cases are similar). Then, if 

A=b+c+d,B=a+c+d,C=a+b+dand D=a+b+c, we can deduce 

that = > 7 > a > +: Apply the Tchebyshev inequality twice over to show that 


ees eee +b? +c? +d*) eater ee 
— — —- — —-(a — — — 
A BO. Dp = a : Pa ale ow) 

1 ee areas ae | 
SCL? b d 
2 zA(2 c \lat+b+e+ \(4+gtats) 
_1,o.., 29, mfAtBt+C+D\/f1.1.1,1 
= 7g (2 b* + c° +d*) a atetatD : 


Now, use the Cauchy-Schwarz inequality to derive the result 
e+P+e4+d? >abtbe+ed+da=1 

and the inequality (A+B+C+D)(4+%+4+ 4) = 16. 

Solution 1.75. Apply the rearrangement inequality to 
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and the permutation (a/,,a5,a4) = (V2 V/s, i) to derive 


Dinah ates of 7 of BP 3/ Cc? 
b c a V be ca ab’ 


Finally, use the fact that abc = 1. 
Second solution. The AM-GM inequality and the fact that abc = 1 imply that 


L(G oa 8 5 3faab _ sfa® _ sfae _ 
Pie 8 ey Vee | Vbe? . Veabe. 


Similarly, 


and the result follows. 


Solution 1.76. Using the hypothesis, for all k, leads to s — 2x, > 0. Turn to the 
Cauchy-Schwarz inequality to show that 


(re) (Bem) = (Be) -# 


k=1 k=1 


But 0 < )o7_,(s — 27%) = ns — 2s, therefore 


Solution 1.77. The function f(x) = (a+ ay is convex in Rt. 
Solution 1.78. The function 


a b Cc 


a ee ey Re eT a 1G ee Ts ee 
jon peed gape 


f(a,b,c) = 


is convex in each variable, therefore its maximum is attained at the endpoints. 


Solution 1.79. If x = 0, then the inequality reduces to 1 + Ta < 2, which is 
y 


true because y > 0. By symmetry, the inequality holds for y = 0. 
Now, suppose that 0< «2 <land0<y< 1. Let u>0 and v > 0 such that 
x=e “and y=e ”, then the inequality becomes 
1 ua 1 2 2 
Vite Vl fe 7 Vit e- yD’ 
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that is, 
fu) + FO) ~ (=) 
where f(x) = w= Since f” (x) = args the function is concave in 


the interval [0,00). Thus the previous inequality holds. 
Solution 1.80. Find f” (x). 
Solution 1.81. Use log(sin x) or the fact that 


A+B A-B Acs 
sin Asin B = sin a + —— ] sin 7 
2 2 
Solution 1.82. (i) If 1+nz < 0, the inequality is evident since (1+z)”" > 0. Suppose 


that (1 + nx) > 0. Apply AM- GM inequality to the numbers (1,1,...,1,1 + nz) 
with (n — 1) ones. 
(ii) Let ay,..., @, be positive numbers and define, for each j = 1,...n, 0; = 


ae Apply Bernoulli’s inequality to show that (44) > eva mee neo) 


which implies 


: ; . OF : pT dk ; pe: 
a; > oi, ( ig 1) = 04-4 (Jo — (9 — 1)oj-1) = ajoh_). 


Then, 0}? > anoy a AnAn—10,, me > ++ > AnGn_1 °° A}. 


Solution 1.83. If 7 > y > z, we have "(a — y)(a — z) > y"(ax@ — y)(y — z) and 
2"(z—a)(z—y) >0. 


Solution 1.84. Notice that x(x—z)? +y(y—z)? —(x—z)(y—z)(a@+y—z) > Oif and 
only if (a — z)(a@—y)+ y(y— z)(y—2) + 2(x — z)(y— z) > 0. The inequality now 
follows from Schiir’s inequality. Alternatively, we can see that the last expression 
is symmetric in 2, y and z, then we can assume x > z > y, and if we return to the 
original inequality, it becomes clear that 


a(x —z)*+y(y— 2)? 202 (e@—2)(y—2)(et+y—2). 


Solution 1.85. The inequality is homogeneous, therefore we can assume that a+ 
b+c= 1. Now, the terms on the left-hand side are of the form Wa and the 


T 
function f(x) = Ta Is convex, since f"(“) = ay > 0. By Jensen’s inequality 


c a Cc a Cc 2 
ollows that G2pz + ay + Geo? 2 3f (4°) aah (3) = (3) - 
Solution 1.86. Since (a+b+c)? > 3(ab+bc+ca), we can deduce that 1+ 


1+ Tater: Thus, the inequality will hold if 


a 


a 


i 


3 
ab+bc+ca 2 


9 6 


hae a 
(a+b4+c)? ~ (a+b+4+c) 
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2 
But this last inequality follows from (1 - ax) >0. 


Now, if abc = 1, consider x = 4. y= ; and z = 1; it follows immediately 


that xyz = 1. Thus, the inequality is equivalent to 
3 6 
SS 
tyt+yz+ 207 @e+yt+Zz 
which is the first part of this exercise. 


Solution 1.87. We will use the convexity of the function f(x) = x" for r > 1 (its 
second derivative is r(r — 1)a"~?). First suppose that r > s > 0. Then Jensen’s 
inequality for the convex function f(x) = x= applied to x%, ..., x gives 


ae 
s 


tay tee ttyal > (harp +--+ +trr) 
and taking the +-th power of both sides gives the desired inequality. 
Now suppose 0 > r > s. Then f(a) = 2% is concave, so Jensen’s inequality 
is reversed; however, taking +-th powers reverses the inequality again. 


Finally, in the case r > 0 > s, f(x) = x= is again convex, and taking 4-th 
powers preserves the inequality. 


Cc Cc 


Solution 1.88. (i) Apply Hélder’s inequality to the numbers zf, ..., 2&, yf, .--, 
y¢ with a’ = 4 and b! = &. 

(ii) Proceed as in Example 1.5.9. The only extra fact that we need to prove is 
Liyir, < tae+ zy? + 42°, but this follows from part (i) of that example. 


—avt c™u? 
Solution 1.89. By the symmetry of the variables in the inequality we can assume 
that a <b < c. We have two cases, (i) b < abbbe and (ii) b > abb be 

-). +b+ 
Case (i): b << SES. 


It happens that abbhbe < ate < c, and it is true that arbre < bre <c. Then, 


there exist A, ps € [0, 1] such that 


b b b 
FA = ac + (1-2) (=) and Spo (1p) (2**). 


Adding these equalities, we obtain 


b b-—2 
ore te = (At Het Q-A-H) (=) =(2—A—p) (E=*) +20 


Hence, 

a+b—2c a+b— 2c 
——— | De _— 
5 (2—A »( 3 ). 


therefore 2— (A+ py) = $ and (A+ ys) = 3. 
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Now, since f is a convex function, we have 


thus, adding these inequalities we get 


p (SEP) +6 (S*) 40 (S4) <5 +10) 210) 


Case (ii): b > Sete, 


It is similar to case (i), using the fact that a < are < abbhbe anda < ath < abt 


Solution 1.90. If any of a, b or c is zero, the inequality is evident. Applying Popovi- 
ciu’s inequality (see the previous exercise) to the function f : R — R* defined by 
f(a) = exp(2x), which is convex since f(x) = 4exp(2x) > 0, we obtain 


exp(2x) + exp(2y) + exp(2z) + 3exp (e -4 + ) 


> 2[exp(x + y) + exp(y + z) + exp(z + z)] 
= 2[exp(z) exp(y) + exp(y) exp(z) + exp(z) exp(z)] . 


Setting a = exp(x), b = exp(y), c = exp(z), the previous inequality can be rewrit- 
ten as 


exp 
exp 
a? +0? 4+? +3Va2b2c2 > 2(ab + be + ca). 


For the second part apply the AM-GM inequality in the following way: 
Qabe + 1 = abe + abe +1 > 3V a2b2c?. 


Solution 1.91. Apply Popoviciu’s inequality to the convex function f(x) = «+ +. 
We will get the inequality ¢ + 5 + 2+ agtzc 2 pe + cea + au: Then multiply 
both sides by (a+ b+ c) to finish the proof. 


Solution 1.92. Observe that by using (1.8), we obtain 


1 1 1 
x+y? +2? — lellyl — lyllz| —lzllel = 5 (lel - Iw)? + sgl - lel)? + 5(l2l - lel)’, 


which is clearly greater than or equal to zero. Hence 


ly + yz + 2a] < lally| + lyllz| + lzll2l <a? ty? + 27. 
Second solution. Apply Cauchy-Schwarz inequality to (x,y,z) and (y, z, 2). 
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Solution 1.93. The inequality is equivalent to ab + be + ca < a? + b? + c?, which 
we know is true. See Exercise 1.27. 

Solution 1.94. Observe that if a+ 6+ c = 0, then it follows from (1.7) that 
a® + b? + c3 = 3abc. Since (x — y) + (y — z) + (z — z) = 0, we can derive the 
following factorization: 


(2@—y)? + (y—2)? + (2-2)? = 38@-—y)y—z)(@—-2). 
Solution 1.95. Assume, without loss of generality, that a > b > c. We need to 
prove that 
—-a +09 + 2 + 3abc > 0. 
Since 
—a® + b® +c? + 3abe = (—a)? + 6? +c? — 3(—a)be, 


the latter expression factors into 


The conclusion now follows from the triangle inequality, b+ c¢> a. 


Solution 1.96. Let p = |(x — y)(y — z)(z — x)|. Using AM-GM inequality on the 
right-hand side of identity (1.8), we get 


3 
w+ y? + 2° — ay —yz— ze > SVP. (4.1) 


Now, since |x —y|<a2+y, |y—2z| <y+tz, |z-—2| <2+2, it follows that 


Aetytz)>le—ylt+ly—2z|+]z-al. (4.2) 


Applying again the AM-GM inequality leads to 


2(ia+y+z) = 3¥p, 
and the result follows from inequalities (4.1) and (4.2). 


Solution 1.97. Using identity (1.7), the condition x? + y? + 23 — 3xyz = 1 can be 
factorized as 
(a+ y+ z)(a? +9? +27 — ay —y2— 20) = 1. (4.3) 


Let A= 2727 +y?4+ 27 and B=x+y+z. Notice that B? — A =2(ry + yz + 22). 
By identity (1.8), we have that B > 0. Equation (4.3) now becomes 


2_ 
sich ai 


therefore 34 = B? + z. Since B > 0, we may apply the AM-GM inequality to 
obtain 


2 1 1 
3A= B274+=—=B74+—4 —>3 
3 B a B - BOT? 
that is, A > 1. For instance, the minimum A = 1 is attained when (x,y,z) = 
(1,0, 0). 
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Solution 1.98. Inequality (1.11) helps to establish 


1 1 4 1. (1+14+244)? 64 

=-454-4—> —————_ = —___.. 

ab cod a+b+c+d a+b+c+d 
Solution 1.99. Apply inequality (1.11) twice over to get 


(49)? (a +b)! 


at bt a (a? + 6)? 


4, 74 
b = _ > se 
nt Dts oe 8 
Solution 1.100. Express the left-hand side as 
(v2? , (V3)? (v3? 
c+y yt Zz Z+2 


and use inequality (1.11). 


Solution 1.101. Express the left-hand side as 


2 22 


o* y 
——____ + ——__ + ——_., 
axy+bza ayz+bay azxt+ byz 
and then use inequality (1.11) to get 
x & y? es yA Bs (2+ytz)? 3 
axy+bzx  ayz+bry azat+byz~ (a+b)(cytyz+ 2x2) ~ atd? 
where the last inequality follows from (1.8). 
Solution 1.102. Rewrite the left-hand side as 
a? b? ond b? eC a? 
— + +——+ + aaa 
a+b b+e ate a+b b+c ate 
and then apply inequality (1.11). 
Solution 1.103. (i) Express the left-hand side as 
ee y? Pe 
a?+2Qeyt+ 320 y2+2yz4+3ay 22 4+2z44 3yz 
and apply inequality (1.11) to get 
x y Zz (e+yt+2z) 
SSS Se . 
et2Qyt+32 yt2@z+3xe z4+2u4+3y 7 a? +y24+ 224+ 5(cy+yz4+ 22) 
Now it suffices to prove that 
2 
(w+y +2) = 
2 


x? + y? + 22 + Bay + yet 2a 


4.1 Solutions to the exercises in Chapter 1 133 


but this is equivalent to x? + y? + 27 > vy + yz+ 20. 
(ii) Proceed as in part (i), expressing the left-hand side as 


w2 2 y? 22 


Ge eee ape Dea Ue ay en Dae 


then use inequality (1.11) to get 
w x y z 
5 — 5 El 
tt+2y+3z2 y+2z4+3w 24+2wt+3e w+2r4+3y 
(w+etytz)? 
~ A(wa + cyt yzt+zwt wy +22) 


Then, the inequality we have to prove becomes 


(w+etytz) 


2 
ee ee ss 
A(wx +ayt+yz+z2w+wyt+arz) 7 3° 


which is equivalent to 3(w? +2? +y?+ 27) > 2(wr+ay+yz+zw+wy+t2z). This 
follows by using the AM-GM inequality six times under the form x? + y? > 2zy. 


Solution 1.104. We again apply inequality (1.11) to get 


qe y? 2 
@+y@ta) | wWrawts) GFalety) 
: (etytz)? 


x? + y? + 22 + 3(ay + yzt 22) 


Also, the inequality 


oa cic) st, ee 
ve ty?4 224 3(ay+yz+2n) ~ 4 
is equivalent to 
ety +2? [ry t+ yzt 22. 
Solution 1.105. We express the left-hand side as 
a’ b? (on d? 


ee —_—- - ————- ————— 


a(b+c) us b(e+d) c(d+a)  d(a+b) 
and apply inequality (1.11) to get 


EO ih, I SEES ie Th SAG 
a(b+c) DB(e+d) c(d+a) d(a+b)~ a(b+2c+d)4+d(c+d)+d(b+c) 
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On the other hand, observe that 


(a+b+c+d)? 
(ac + bd) + (ab + ac + ad + bc + bd + cd) 


a? + b? +c? + d? + 2ab+ 2ac + 2ad + 2bc + 2bd + 2cd 
(ac + bd) + (ab + ac + ad + bc + bd + cd) 


To prove that this last expression is greater than 2 is equivalent to showing that 
a? +c? > 2ac and b? + d? > 2bd, which can be done using the AM-GM inequality. 
Solution 1.106. We express the left-hand side as 
2 b2 ce d2 e2 

——— + | + ——_ + —__ + —— 

ab+ac bec+bd cd+ce de+ad ae+be 
and apply inequality (1.11) to get 

ae b? C d? e? (a+b+c+d+e)? 

—_ + —_ + ——_ + —__ + > 
ab+ac be+bd cd+ce de+ad ae+be So ab 


Since 
(atb+c+dt+e)? => a? +2) ab, 


we have to prove that 


2S 0a? +4) ab>55_ ab, 
2 a > Se ab. 


The last inequality follows from 57> a? > S> ab. 


which is equivalent to 


Solution 1.107. (i) Using Tchebyshev’s inequality with the collections (a > b > c) 
and (2s > i > =): we obtain 


ae ae 


Ge es SP a+b+c)? 
aes iets a ) 
x y z r+ytzZz 
Therefore 
a bw 8 (a+bt+c)? at+bte 
SS hie ee 
x y z etytz 3 
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(ii) By Exercise 1.88, we have 


le 


a? p3 fou 3 Fi 
(+=+5) (1+1+1)3(e@+y+z)3 >a+bt+e. 


x y z 


Raising to the cubic power both sides and then dividing both sides by 3(a+ y+ z) 
we obtain the result. 


Solution 1.108. Using inequality (1.11), we obtain 


ai toz+---+a2 
ryt 4+-++- +2 

2 2 2 
a ee Pe 


+ fof} 2 __ 
LyrLat +I CM +Latrs++ILy Ly + Lat +I 

5 Gittat + Gn)" _ tit aet::+2n 

— n(ay + tates +2n) n : 
Thus, it is enough to prove that 

kn 
Lite tt In \ * 
n 


Since k = max {21,%2,...,%n} > min {21,22,...,¢,} = t, we have that kn >n 
and since erbee petty > 1, because all the x; are positive integers, it is enough 
to prove that 
——— oO) 
| Stone a 
n 
which is equivalent to the AM-GM inequality. 

Because all the intermediate inequalities are valid as equalities when x7; = 
t= +++ = Xn, we conclude that equality happens when 27; = 42 =--- = Zn. 
Solution 1.109. Using the substitution a = a b= # and c = 4, the inequality 
takes the form 

a3 33 3 
a® +2 b8 + 2 a 
and with the extra condition, abc = 1. 
In order to prove this last inequality the extra condition is used as follows: 


cee 
e+2 — 


y] 


a® b? 3 a® b? 3 
ak +2 Te ae ~ Po Dabo dake © c3 + 2abc 
a? b? (oa 
7 Pete b? + 2ca = c? + 2ab 
ss (a+b+c)? = 
—~ a2 +b? + c? + 2be + 2ca + 2ab 


The inequality above follows from inequality (1.11). 


136 Solutions to Exercises and Problems 


Solution 1.110. With the substitution 7 = }, y = b z= 4, the inequality takes 
the form 


a : b ig Ce og 3 
b+e cta at+b~ 2’ 
which is Nesbitt’s inequality (Example 1.4.8). 
Solution 1.111. Use the substitution x; = @, wv = @,..., 7%, = @. Since 
1 1 ay a2 an 
_ = a : ? ; 
Thay beiee 142425 => meas and similarly for the other terms on the 


left-hand side of the inequality, the inequality we have to prove becomes 


ay a2 an 
—_____ + —__—~___} .-- 4+ ——“__ 51. 
aj+a2+a3 ag+a3+a4 An + a1 + G2 
But this inequality is easy to prove. It is enough to observe that for alli =1,...,n 


we have 
Qj + Ai41 + Aiz2 < G1 + a2 +++ + Gn. 


Solution 1.112. Using the substitution x i, y i: Z 7 the condition ab + 
be + ca = abc becomes « + y+ z = 1 and the inequality is equivalent to 


attyt yttet xttat 


e+yp | prs | B+a3 
Tchebyshev’s inequality can be used to prove that 


ait et ety 
2° 
alts 4 4, 44 41 74 
H il +2 z+ 2x x+ +2 Z+2 
3 = + s 3133 — “ + “ vs : 
x+y yr +z 242 2 2 2 

Solution 1.113. The inequality on the right-hand side follows from inequality 
(1.11). For the inequality on the left-hand side, the substitution « = be y=F, 


a ab transforms the inequality into 


T+ytzZ as, [yZ+ zx + xy 
3 ~ 3 , 


Squaring both sides, we obtain 3(ay + yz + zz) < (a+ y+ z)?, which is valid if 
and only if (wy + yz + zx) < 27+ y? + 27, something we already know. 


Solution 1.114. Note that 


a 2 1 1 1 
a Bie <oe3—3(2 ES ) <0 


Gael bon ead gc Peed ed 


1 1 
tS ee ; 
WS ed ha eed 
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2 2y 2Qz 


Using the substitution a re b= +,c= =, we get 
1 - 1 i Te at 1 1 
at+1 b+1 ctl 441° 441 #41 
y Zz x 
oY Zz x 
ety Qy+e Wwe 
y? Pe 2 
Seagal! Ona ae oar ane. 
2ey+y 2yz+ z 22n+2 
(c+ty+z2)? 


a i 
—~ Qry + y? + 2Qyz+ 22 +229 4+ x? 


The only inequality in the expression follows from inequality (1.11). 


Solution 1.115. Observe that 
2 2 
[5, 0,0] = AG +6 +¢°) > g (a°be + ca + cab) = [3,1, 1], 


where Muirhead’s theorem has been used. 
Solution 1.116. Using Heron’s formula for the area of a triangle, we can rewrite 


the inequality as 


(a+b+c)(a+b—c) (a+c—b) (b+c-—a) 


2 2 2, 
> ee 
CLE eS AV3 5 - 5 5 


This is equivalent to 


[((a + b)? — e*)(c* — (b— a)”)] 


= 3(2c7a" + 2c7b? + 2a7b? — (a* + b* +.c*)), 


that is, at + b4 + c+ > a?b? + b?c? + c?a?, which, in terms of Muirhead’s theorem, 
is equivalent to proving [4,0, 0] > [2, 2,0]. 


Second solution. Using the substitution 
t=a+b-c, y=a-—b+c, z=-a+b+e, 
we obtain z+y+2z=a+b+c; then, using Heron’s formula we get 


(e+yt+z)3 (at+tb+c)? 
4(ABC) = V/(a+b4+c)(ryz) < 4/(a+b+¢)—————_ = 
(ABC) ( \(xyz) < /( Lae 3/3 
Now we only need to prove that (a+b+c)? < 3(a?+6? +c’). This last inequality 
follows from Muirhead’s theorem, since [{1, 1,0] < [2,0, 0]. 
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Solution 1.117. Notice that 
a b Cc 9 

SSS SSS EF Ee SEE SS 
(a+b)(at+c) (b+c)\(b+a) (c+a)(c+b)~ 4(a+b+ 0c) 
& 8(ab + bc + ca)(a+b4+c) < 9(a+b)(b+c)(c+a) 
<= 2dabe + 8S "(ab + ab?) < 9S “(ab + ab?) + 18abe 
& babe < a7b + ab? + b?e + be? + c2a + ca? 
= [Ls 1, 1] < (2, 1,0] ‘ 


Solution 1.118. The inequality is equivalent to 


a? +b? +c? > ab(at+b—c)+4+bc(b+c—a) +ca(c+a—b). 
Setting ¢=at+b—c,y=b+c—a,z=a+c-—b, we geta= 42, b= ety 
C= wee Then, the inequality we have to prove is 


* 


1 1 
get)’ +(at+y)*+(y+2)") 2 (24a) (aty)et (2+y)(y+2)yt (y+2)(2+2)2), 
which is again equivalent to 

3(a?y + y2a +--+ + 222) > 2(a?y+---) + 6ayz 


eytyatyeteyt at a2 > 6ryz, 
and applying Muirhead’s theorem we obtain the result when x, y, z are non- 
negative. If one of them is negative (and it cannot be more than one at a time), 
we will get 
e(ytz)t+y(zt2)+2(e+y) = 2°2c4+ y?2a+ 272b > 0 
but 6xyz is negative, which ends the proof. 
Solution 1.119. Observe that 
a P + e +b+ 
b?—be+c? =e —ca+a? @—ab+e = * 7 
is equivalent to the inequality 
3(b+ b? 3(a +b 
DO ACG) OO) 9S Spun 
b8 + 3 3 + q3 a® + 63 


which in turn is equivalent to 


sa + c)(a® + c*)(a? + b°) + B3(¢ + 2)(b* +c) (a? +8°) 
(a+ b)(a? + c3)(b? + c3) 
es +b4+e)(4+)(8 + 2)(2 +a?) 
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The last inequality can be written in the terminology of Muirhead’s theorem as 
1 1 
[9.1.0] + 16,4,0] + [6.3.1] + 4,3,3] > (511,0,0)) ([6,3.0]+ 513.3,3)) 
= [7,3,0] + [6, 4,0] + [6, 3, 1] + [4,3, 3] 
= [9,1,0] > [7,3,0], 
a direct result of Muirhead’s theorem. 
Solution 1.120. Suppose that a < 6 <c, then 
1 1 1 
XK KX 
(1+6b)(14+c)~ (1l+c)(1+a)~ (14+ a)(1+)) 
Use Tchebyshev’s inequality to prove that 
a2 53 3 


Dito  Grodtear Qtae) 


+ 

1 1 : : 
s@ +0 +e) (Gora targets ae) 
1 

3 


(a? +b? +c?) 


Finally, use the facts that $(a? + 6° + c*) > (4tBt2)8, ste > 1 and (1+a)(1+ 
b)(1+e)< (fears) to see that 


1 3+(a+b+a) at+tb+c\°* 6 6 
ee Te) Gara tar 


(1+a)(1+d)1+0 3 1 + thre) 
a+b+e 
For the last inequality, notice that aera > 5. 
3 


Second solution. Multiplying by the common denominator and expanding both 
sides, the desired inequality becomes 


A(at + bt +ct+ a? +0? +c?) > 3(1t+a+b+c4+ab+be+ca+abc). 


Since 4(a4 + b4 +. c4 + a3 +b? +c?) = 4(3[4, 0, 0] + 3/3, 0, 0]) and 3 +at+tbt+e+ 
ab + be + ca + abc) = 3([0, 0,0] + 3[1, 0, 0] + 3[1, 1,0] + [1,1,1]), the inequality is 
equivalent to 


4[4,0,0] + 4[3, 0,0] > [0,0, 0] + 3[1,0, 0] + 3[1, 1,0] + [1,1, 1]. 


Now, note that 
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where it has been used that abc = 1. Also, 
1 1 
3[4, 0, 0] > 3[2,1,1] = 33 (a°be+ b?ca + Cab) = 33 (a + 6+) = 3[1,0,0] 
and 


3[3,0,0] > 3 E e ;| = (atb4c4 + d3cha3 + chat} ) 


=3 


1 
3 
1 
g (ab + bc + ca) = 3[1,0, 0]. 


Finally, [3, 0,0] > [1,1, 1]. Adding these results, we get the desired inequality. 


4.2 Solutions to the exercises in Chapter 2 


Solution 2.1. (i) Draw a segment BC of length a, a circle with radius c and center 
in B, and a circle with radius b and center in C, under what circumstances do 
they intersect? 

(ii) It follows from (i). 


(ii) a=at+y,b=yt2z,c=z4+rers Se) yao 75 ho 


Solution 2.2. (i) c<atb>c<at+b+2Vab= (Vat Vb)? > Ve< Vat vo. 
(ii) With 2, 3 and 4 it is possible to construct a triangle but with 4, 9 and 16 it is 
not possible to do so. 

(iii) a<b<c>atb<ate<bt+e> ge < sy < Gp, then it is sufficient to 


ie ee oe en ee + will be : Be lbs oe ct 
see that sy < p75 + aa. and it will be even easier to see that ¢ < pg + aq: 


Solution 2.3. Use the fact that if a, b, c are the lengths of the sides of a triangle, 
the angle that is opposed to the side c is either 90° or acute or obtuse if c? is equal, 
less or greater than a? + b?, respectively. Now, suppose that a<b<c<d<e 
and that the segments (a,b,c) and (c,d,e) do not form an acute triangle; since 
c? > a? + b? and e? > c? + d?, we deduce that e? > a? +b? +d? >a?+?+c> 
a? +b? +a7 +b? = (a+b)? + (a— b)? > (a +6)’, hence a+b < e, which is a 
contradiction. 


Solution 2.4. Since ZA > ZB then BC > CA. Using the triangle inequality we 
obtain AB < BC + CA, and by the previous statement, AB < 2BC. 


Solution 2.5. (i) Let O be the intersection point of the diagonals AC and BD. 
Apply the triangle inequality to the triangles ABO and CDO. Adding the inequal- 
ities, we get AB+ CD < AC + BD. On the other hand, by hypothesis we have 
that AB+ BD < AC+CD. Adding these last two inequalities we get AB < AC. 
(ii) Let DE be parallel to BC, then ZEDA < ZBCD < ZA; therefore DE > AD 
and hence AD < DE < BC. Refer to the previous exercise. 
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Solution 2.6. Each d; is less than the sum of the lengths of two sides. Also, use the 
fact that in a convex quadrilateral the sum of the lengths of two opposite sides is 
less than the sum of the lengths of the diagonals. 


Solution 2.7. Use the triangle inequality in the triangles ABA’ and AA’C to prove 
that c< ma + $a and b < ma + $a. 


Solution 2.8. If a, G, 7 are the angles of a triangle in A, B and C, respectively, and 
if a, = ZBAA' and ag = ZA'AC, then, using D2, 8 > a, and 7 > a2. Therefore, 
180° =a+6+7>a,+a2+a = 2a. Or, if we draw a circle with diameter BC, 
A should lie outside the circle and then ZBAC < 90°. 


Solution 2.9. Construct a parallelogram ABDC, with one diagonal BC and the 
other AD which is equal to two times the length of AA’ and use D2 on the triangle 
ABD. 


Solution 2.10. Complete a parallelogram as in the previous solution to prove that 
Ma < bee Similarly, my < are and m. < ath To prove the left hand side 
inequality, let A’, B’ and C’ be the midpoints of the sides BC, CA and AB, 
respectively. 


A 


C’ A” 


B A’ C 


Extend the segment C’ B’ to a point A” such that C’A” = BC. Apply the previous 
result to the triangle AA’A” with side-lengths mag, mp and me. 


Solution 2.11. Consider the quadrilateral ABCD and let O be a point on the 
exterior of the quadrilateral so that AOB is similar to ACD, and thus OAC and 
BAD are also similar. If O, B and C are collinear, we have an equality, otherwise 
we have an inequality.!” 


Solution 2.12. Set a = AB, b = BC, c = CD, d= DA, m= AC and n= BD. 
Let R be the radius of the circumcircle of ABCD. Thus we have!® 


(ABCD) = (ABC) + (CDA) = eae 
(ABCD) = (BCD) + (DAB) = eau 


17See [6, page 136] or [1, page 128]. 
18See [6, page 97] or [9, page 13]. 
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Therefore 


m be + ad 


n  abtcd 


>1<bc+ad>ab+cd 
= (d—b)(a—c) > 0. 


Solution 2.13. Apply to the triangle ABP a rotation of 60° with center at A. 
Under the rotation the point B goes to the point C, and let P’ be the image of 
P. The triangle PP’C has as sides PP’ = PA, P'C = PB and PC, and then the 
result. 


A 
A 


Pp’ 


Loe os 


Pp’ 
P 
Second solution. Apply Ptolemy’s inequality (see Exercise 2.11) to the quadrilat- 
erals ABCP, ABPC and APBC;, after cancellation of common terms we obtain 
that PB < PC + PA, PA < PC + PB and PC < PA+ PB, respectively, which 
establish the existence of the triangle. 


Third solution. For the case when P is inside ABC. Let P’ be the point where AP 
intersects the side BC. Next, use that AP < AP’ < AB= BC < PB+PC.Ina 
similar way, the other inequalities PB < PC + PA and PC < PA+ PB hold. 


Solution 2.14. Set a = AB, b = BC, « = AC, y = BD. Remember that in 
a paralelogram we have 2(a? + 67) = x? + y?. We can suppose, without loss of 
generality, that a < b. It is clear that 2b < «+ y, therefore (2b)? < (x+y)? = 
x? + y? + 2xry = 2(a? + b*) + 2ry. Simplifying, we get 2(b? — a?) < 2ry. 


Solution 2.15. (i) Extend the medians AA’, BB’ and CC’ until they intersect the 
circumcircle at A,, B, and C,, respectively. Use the power of A’ to establish that 
A'A, = < . Also, use the facts that m, + A’A, < 2R and that the length of 


the median satisfies m2 = ela that is, 4m? + a? = 2(b? +c”). We have 
analogous expressions for my and me¢. 

(ii) Use Ptolemy’s inequality in the quadrilaterals AC’GB’, BA’/GC’ and CB’'GA’, 
where G denotes the centroid. For instance, from the first quadrilateral we get 
2 Me Cc Mp 


a b 2 
sag S53 5 3 then 2m,a* < abm,. + camp. 
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Solution 2.16. Using the formula 4m? +b? = 2(c?+<a?), we observe that m?—m? = 
3(c? —b?). Now, using the triangle inequality, prove that mp+me < 3(b+c). From 
this you can deduce the left-hand side inequality. 

The right-hand side inequality can be obtained from the first when applied 


to the triangle of sides!® with lengths m,, mp and me. 


Solution 2.17. Let a, b, c be the lengths of the sides of ABC. If E and F are the 

projections of [, on the sides AB and CA, respectively, it is clear that if rg is the 

radius of the excircle, we have that rg = 1, E = EA = AF = FI, = s, where s is 

the Belmiperimevet of ABC. Also, if hg is the altitude of the triangle ABC from 
D 


vertex A, then => = Pa Since aha = bc, we have that 


AD ha _ be _ (abe 4Rr 1\  4Rr 

DI, 1 as  \4R a2 rs} a2’ 

where r and R are the inradius and the circumradius of ABC, respectively. Since 

2R =a and 2r = b+c—a, therefore ae = brewa = pte 1. Then, it is enough to 
2 


prove that 2+¢ < V2 or, equivalently, that 2be < a?, but be = Vb?c? < eas =. 


Solution 2.18. Simplifying, the first inequality is equivalent to ab + bc + ca < 
a?+b?+c?, which follows from Exercise 1.27. For the second one, expand (a+b+c)? 
and use the triangle inequality to obtain a? < a(b+c). 


Solution 2.19. Use the previous suggestion. 
Solution 2.20. Expand and you will get the previous exercise. 
Solution 2.21. The first inequality is the Nesbitt’s inequality, Example 1.4.8. For 


the second inequality use the fact that a+ b> arbte then = < ae. 


Solution 2.22. Observe that a? (b+ c—a)+b? (c+a—b)+c? (a+ b—c)—2abe = 
(b+ c—a)(c+a-—b)(a+b—c), now see Example 2.2.3. 


Solution 2.23. Observe that 
a (b? +c? — a?) +b (c? + a? — Bb’) + c(a* +0? —c’) 
=a (b+c—a) +0 (c+a—b) +c (a+b—Cc), 


now see Exercise 2.22. 


Solution 2.24. Use Ravi’s transformation with a=y+z,b=z+2,c=2+y to 
see first that 


a*b(a — b) + b*e(b—c) + c2a(c— a) = 2(zy? + yz? + za) — 2(ay?z + w?yzt ayz”). 


a 
Yer pee 


Then, the inequality is equivalent to x +£+2 > 2+y+z. Apply then inequality 
(1.11). 


19See the solution of Exercise 2.10. 
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Solution 2.25. 


a—b b-c ca 


a+b b+c cta a+b b+c ct+a 
s cab ae 
(a+ b)\(b+c)(c+a)~ 8 


For the last inequality, see the solution of Example 2.2.3. 
Solution 2.26. By Exercise 2.18, 
3(ab + be + ca) < (a+b+c)? < 4(ab+ be + ca). 
Then, since ab + be + ca = 3, it follows that 9 < (a+b+c)? < 12, and then the 
result. 


Solution 2.27. Use Ravi’s transformation, a= y+ z,b=z+a2andc=2+y. The 
AM-GM inequality and the Cauchy-Schwarz inequality imply 
1 1 1 1 


1 1 
-+r>+-= 
ab c ye z+0 “ty 


& 1 1 a 1 ds 1 

~~ QD\Syz Vzu LY 

_ Vet fot ve 

7 2,/LYZ 

Pe, V3VaFytz 

~ 2,/LYz 

_V5 fervez _ V3 

=D zyz  2r- 
For the last identity, see the end of the proof of Example 2.2.4. 
Solution 2.28. The part (i) follows from the following equivalences: 

(s —a)(s —b) < ab 8s? —s(a+b) <0 


Satb+c< 2(a+b) 
Sc<atb. 


For (ii), use Ravi’s transformation, a= y+2,b=z+2,c=x+4y, in order 
to see that the inequality is equivalent to 


Atay + yz + 2a) < (yt z)(2t+a)+(t+a)ety) t+ @et+y)(yt 2). 


In turn, the last inequality follows from the inequality xy+yz+ zx < a7 +y?+ 27, 
which is Exercise 1.27. 
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Another way to obtain (ii) is the following: the given inequality is equivalent 
to 3s? — 2s(a + b+ c) + (ab+ be + ca) < %+8ete2 which in turn is equivalent to 
3(ab + be + ca) < 4s”. The last inequality can be rewritten as 3(ab + be + ca) < 
(a+b+c)?. 


Solution 2.29. Applying the cosine law, we can see that 


Va? +b? — Va? — 0? + 2 = V2abcos Cv 2accos B 
= 2a,/(bcos C)(ccos B) 

bcos C +ccos B 2 

a =.05. 


< a =a 


Solution 2.30. Using the Cauchy-Schwarz inequality, for any x, y, z, w > 0, we 
have that 


Jeyt+ Jew < S(t z)(yt+ wv). 


Therefore 
1 
» el aes eet ete PA a2 + b? — c/a? — 624 c? 
cyclic cyclic 


+ C4 a — Pye — a? +0?) 
< ; sS (2a?) (2c?) = DS ac. 


cyclic cyclic 


Solution 2.31. Consider positive numbers 2, y, z witha = y+z,b=2+2 and 
c=a2+y. The inequalities are equivalent to proving that 
y+2 z+n at+y 22 2y ut 22 


+ >3 and —_ > 3. 
22 2y 2z yz z+nu aut+y 


For the first inequality use the fact that 4 + 7 > 2 and for the second inequality 
use Nesbitt’s inequality. 


Solution 2.32. Since in triangles with the same base, the ratio between its altitudes 
is equal to the ratio of theirs areas, we have that 
PQ PR PS __(PBC) (PCA) (PAB) _ (ABC) 


AD * BE CF ~ (ABC) ‘ (ABC) * (ABC) ~ (ABC) > 


Use inequality (2.3) of Section 2.3. 


Solution 2.33. (i) Recall that (Si + S2+ S3)(g- + 3 + gy) = 9- 
(ii) The non-common vertices of the triangles form a hexagon which is divided 
into 6 triangles $1, S2, $3, 71, To, T3, where S; and JT; have one common angle. 
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Using the formula for the area that is related to the sine of the angle, prove that 
$1S253 = T,T2T3. After this, use the AM-GM inequality as follows: 


1 1 1 1 1 1 
S{(—+—4+—) > ($1+52+53+%+1.+T3)| —-4+>—-4+—> 
(S+E+E)2! 1+ 8o+S3+7T+Te+ v(F+E+5) 
S 18¥ $1 $9$3T) ToT _ 
= VS15253 
The equality holds when the point O is the centroid of the triangle and the lines 


through O are the medians of the triangle; in this case S$; = Sg = S3 = T; = T> 
Ty=1s. 


18. 


pai 2.34. If P = G is the centroid, the equality is evident since ag = ee = 
= 2, 


GN 
On the other hand, if 47 + 2" + SF = 6, we have apy Bu + ov =9. It 


is not difficult to see that ot = ae ou a ow and an = Tae therefore 


fe 4 fu + EX = 1. This implies that 


AL BM CN PL ze PM ie BINNS 9 
PL PM PN/)\AL BM CN} ~ 
; , : . AL _ BM 
By inequality (2.3), the equality above holds only in the case when 44 = 337 = 
cn = 3, which implies that P is the centroid. 


Solution 2.35. (i) It is known that HD = DD’, HE = EE’ and HF = FF", where 
H is the orthocenter.?° Thus, the solution follows from part (i) of Example 2.3.4. 


(ii) Since AD. = ADL DD = 1+ 48) we also have, after looking at the solution 
to Example 2.3.4, that 42 + 22 4 21448414 98414 aa. 


, 


Since (48 + #6 + Sf) (4% + BE + GE) > 9, we have the result. 


Solution 2.36. As it has been mentioned in the proof of Example 2.3.5, the length 
of the internal bisector of angle A satisfies 


Since 4bc < (b +)’, it follows that 1? < s(s — a) and Igl, < s\/(s — a)(s — b) < 
(s—a)+(s—b) 
2 


oe 
Therefore, lglyle < s\/s(s—a)(s —b)(s—c) = s(sr), lalp + lole + lela < 
g (48te) = 8? and [2 + 17 +12 < s(s — a) + 5(s — b) +. (8 — 0) = 8”. 


s =Ss 


20See [6, page 85] or [9, page 37]. 
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Solution 2.37. Let a= ZAMB, 3 = ZBNA, y = ZAPC, and let (ABC) be the 
area of ABC’. We have 
abc 


1 Bat 
(ABC) = 30 AM sina = TR 


Hence, 26 = 2Rsina. Similarly, $4 = 2Rsin 6 and 4% = 2Rsiny. Thus, 


be ca ab 
be | ca | ab : 4 e < 6R. 
41m + BN GP 2R(sina +sinG+siny) <6R 


Equality is attained if M, N and P are the feet of the altitudes. 


Solution 2.38. Let A,, B,, Cy be the midpoints of the sides BC, CA, AB, re- 
spectively, and let Bj, C2 be the reflections of A, with respect to AB and CA, 
respectively. Also, consider D as the intersection of AB with A,B and E the 
intersection of CA with A,C). Then, 


2DE= BoC2 < CyB, + BiC, + C, Bo = A,B, + BiC, + CA, = 8. 


Use the fact that the quadrilateral A, DAE is inscribed on a circle of diameter 
AA, and the sine law on ADE, to deduce that DE = AA; sin A = mg sin A. Then, 
s > 2DE = 2m, sinA = 2maxy = “He, that is, ama < sR. Similarly, we have 
that bm, < sR and cm, < sR. 


Solution 2.39. The inequality is equivalent to 8(s — a)(s — b)(s — c) < abc, where 
s is the semiperimeter. 

Since (ABC) = sr = abe = ,/s(s — a)(s — b)(s —c), where r and R denote 
the inradius and the circumradius of ABC, respectively; we only have to prove 
that 8sr? < abc, that is, 8sr? < 4Rrs, which is equivalent to 2r < R. 


Solution 2.40. The area of a triangle ABC satisfies the equalities (ABC) = #6¢ = 


aR 
b ; : 
fatoter therefore 5+ $+ = 54: > ge, where Rand r denote the circumradius 


and the inradius, respectively. 
Solution 2.41. Use Exercise 2.40 and the sine law. 


Solution 2.42. Use that! sin 4 = 4/ (s-b)(ere) where s denotes the semiperimeter 
of the triangle ABC, and similar expressions for sin 2 and sin g, to see that 


. A _C  (s—a\(s—b)(s—c) sr? or el 
Sea ae De abe ~ abe AR 8 


where R and r are the circumradius and the inradius of ABC, respectively. 


b2402—a2 
21 Notice that sin? pigs ol OE SS abe 2be = tial ie (b=)? = ei? 
2 2 2 Abe be ; 
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Solution 2.43. From inequality (2.3), we know that 
1 1 1 
(a+b+c) (G+5+2) 2 9. 
a b oe 


Since a+b+c < 3V3R, we have 


1 1_ V3 
2 2S 4A 
a+5 b a ce. R- a) 
Applying, once more, inequality (2.3), we get 
1/7 7 1 3 3 
Gator iaa) = LALBO). 2 9) 


Let f(x) = log #, since f’(x) = 4 > 0, f is convex. Using Jensen’s inequality, 
we get 


~ (los 2 + lo Bt! a5) = lo s(atapts) 

BA DA OB. OOo a ot 20) | 
Applying (4.5) and the fact that log x is a strictly increasing function, we obtain 
1 T T T 3 

z= am = -\ Sor. 
5 (log sy + log si + log 3) > log 5 (4.6) 


We can ae that a < 6 <c, which implies A < B < C. Therefore 4 
and log 54 = log sm = log sq. Using Tchebyshev’s inequality, 


IV 
ole 

IV 
OlR 


3B — 


1 1 log xy + log s& + log s— 
= sf SS ec YW Maes 2 aR Ts ; 
oe 3 ae ples sy + los ge > (+ +544) ( 3 ) 


Therefore, using (4.4) and (4.6) leads us to 


1 
“log oy + vlog oy + = log — > — log =. 
Now, raising the expresions to the appropriate powers and taking the reciprocals, 
we obtain the desired inequality. In all the above inequalities, the equality holds 
if and only if a = b = c (this means, equality is obtained if and only if the triangle 
is equilateral). 


Solution 2.44. By the sine law, it follows that 


snA sinB sinC 1 
a b c 2R’ 


4.2 Solutions to the exercises in Chapter 2 149 


where a, b, c are the lengths of the sides of the triangle and R is the circumradius 
of the triangle. Thus, 


25 2 3% a? b? 2 
sin’ A + sin’ B+ sin °F ae * a tae 


where the inequality follows from Leibniz’s inequality. 


Solution 2.45. Use Leibniz’s inequality and the fact that the area of a triangle is 
given by (ABC) = 9. 


Solution 2.46. We note that the incircle of ABC is the circumcircle of DEF. 
Applying Leibniz’s inequality to DEF, we get 
EF? + FD? + DE? < 9r?, 
where r is the inradius of ABC. On the other hand, using Theorem 2.4.3 we obtain 
s* > 27r?, hence 
2 


EF? + FD? + DE? < — 


Solution 2.47. 


a? » b? oi Ce  abc+bca+cab — abc(a+b+c) 
phe. ghia,” “Rehix 4(ABC)? ~  4(ABCY? 
_ abc(a + b+ c) _ 2R Sid 
gabe (a+b+c)r r 
R23 
Solution 2.48. Remember that sin? 4 = +984 and use that cos A + cos B + 


cosC < % (see Example 2.5.2). 
Solution 2.49. Observe that 
b 
NUE is ian Bene Sy ae Oe, 
atbt+e 2s 3V3 


The last inequality was proved in Theorem 2.4.3. 


4\/3(ABC) < 


Solution 2.50. Use the previous exercise and the inequality between the harmonic 
mean and the geometric mean, 


< Va2b2c?. 


3 
1 1 ‘l: 
ae Ube ae 
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Solution 2.51. Use the previous exercise and the AM-GM inequality, 


2 2 2, 
Yepe< eter 
= 3 


Solution 2.52. First, observe that if s = “8+*, then 


a’ +b? + c?—-(a — b)? — (b—c)? —(c-a)? = 
=¢@7—(b—c)? +0 —(c—a)? +e — (a—b)? 
= 4{(s — b)(s —c) + (s—c)(s —a)+(s—a)(s—b)}. 


Hence, ifr =s—a, y= s—b, z=s8s-c, then the inequality is equivalent to 


V3\/ryz(x ty tz) <aytyz+ en. 
Squaring and simplifying the last inequality, we get 
ayz(e ty +2) <a2y? +y?%27 + 2727. 


This inequality can be deduced using Cauchy-Schwarz’s inequality with 
(xy,yz, 20) and (22, 2y,y2). 
Solution 2.53. Use Exercise 2.50 and the inequality 3 ¥/(ab)(bc)(ca) < ab+bc+ca. 
Solution 2.54. Note that 


3(a+ 6+ c)abe - 9abe 


Aichi oe ae +b+c)? >3(abtb 
ab+be+ca ~a+tb+e (a+ b+ c)° > 3(ab+ be + ca) 


& a +b?+ce>abtbe+ca, 


now, use Exercise 2.49. 


Solution 2.55. Using (2.5), (2.6) and (2.7) we can observe that a? +b? +c? +4abc = 
L_ 9pr?, 
2 


Solution 2.56. Observe the relationships used in the proof of Exercise 2.39, 


(b4+c—a)(c+a—b)(a+b—c) = 8(s — a)(s — b)(s —c) 
abc abc 
_ 88(s = a)(s — b)(s =e) 
4Rs( 3%) 
_ &(rs)? 2r 
~ ARs(rs) — R’ 
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Solution 2.57. Observe that 


a? 4: b? rr Ce oo a? Ef b? i C 
b+c—-a cta—b atb—-c 2\s—-a s—b 5s-c 


il 8a be as SC 

~O\e5a ob Ss : 

me: a b 26 

ONG asd eee 
s [(a+b+c)s? — 2(ab + bc + ca)s + 3abe 

— el — —s 
2 (s — a)(s — b)(s —c) 


rs 


| 
a fee Gace OR 
( 


_ 2s(R~1) 2s(R— 2) ' 3V3rR _ 3 ap 
=. r 3 


r r 


the last two inequalities follow from the fact that R > 2r (which implies that 
—r> =) and from s > 3V3r, respectively. 


Solution 2.58. Start on the side of the equations which expresses the relationship 
between the 7’s and perform the operations. 


Solution 2.59. If 21, 1 — 21, x2, 1 — xg, ... are the lengths into which each side 
is divided for the corresponding point, we can deduce that a? + 6? + c? + d? = 
> (a? + (1 — 2;)?). Prove that $ < 2(a; — $)? + $ =a? + (1-2)? <1. 

For part (ii), the inequality on the right-hand side follows from the triangle 
inequality. For the one on the left-hand side, use reflections on the sides, as you 
can see in the figure. 


Solution 2.60. This is similar to part (ii) of the previous problem. 
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Solution 2.61. If ABC is the triangle and DEFGHI is the hexagon with DE, 
FG, HI parallel to BC, AB, CA, respectively, we have that the perimeter of the 
hexagon is 2(DE+ FG+HI). Let X,Y, Z be the tangency points of the incircle 
with the sides BC, CA, AB, respectively, and let p = a+b-+c be the perimeter of 
the triangle ABC. Set x = AZ = AY, y= BZ = BX and z = CX =CY, then 
we have the relations 
DE. AR -ED} DA. 25 
a D ~ p" 
Similarly, we have the other relations 
PG: 28 HL. 2y 


Cc p? b Dp 


Therefore, 
KEG Tyee Tae ae (BOS Se eee bee ey) 
P 28 
_Matb+es— (+2 +2) 
ee i ome « =ave ey 


(a? + b2 + é*) 


“Spe = 4a ee 
(a+ b+ c) Gere) 


but a? +b? +c? > $(a+b+c)\(a+b-+c) by Tchebyshev’s inequality. Thus, 
p(DEFGHI) < 2(a+b+c)— $(a+b+c) = s(at+b+c). 


Solution 2.62. Take the circumcircle of the equilateral triangle with side length 2. 
The circles with centers the midpoints of the sides of the triangle and radii 1 cover 
a circle of radius 2. If a circle of radius greater than ays is covered by three circles 
of radius 1, then one of the three circles covers a chord of length greater than 2. 
Solution 2.63. Take the acute triangle with sides of lengths 2r,, 2r2 and 2rs, if it 
exists. Its circumradius is the solution. If the triangle does not exist, the maximum 
radius between r1, r2 and r3 is the answer. 


Solution 2.64. We need two lemmas. 
Lemma 1. If a square of side-length a lies inside a rectangle of sides c and d, then 
a < min {c,d}. 
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Through the vertices of the square draw parallel lines to the sides of the 
rectangle in such a way that those lines enclose the square as in the figure. Since 
the parallel lines form a square inside the rectangle and such a square contains 
the original square, we have the result. 


Lemma 2. The diagonal of a square inscribed in a right triangle is less than or 
equal to the length of the internal bisector of the right angle. 

Let ABC be the right triangle with hypotenuse C’A and let PQRS be the 
inscribed square. 

It can be assumed that the vertices P and Q belong to the legs of the right 
triangle (otherwise, translate the square) and let O be the intersection point of 
the diagonals PR and QS. 


A 


Since BQOP is cyclic (ZB = ZO = 90°), it follows that ZQBO = ZQPO = 
45°, then O belongs to the internal bisector of 7B. Let T be the intersection of 
BO with RS, then ZQBT = ZQST = 45°, therefore BQTS is cyclic and the 
center O' of the circumcircle of BQT'S is the intersection of the perpendicular 
bisectors of SQ and BT. But the perpendicular bisector of SQ is PR, hence the 
point O’ belongs to PR, and if V is the midpoint of BT, we have that VOO’ is a 
right triangle. Since O’O > O’V, then the chords SQ and BT satisfy SQ < BT, 
and the lemma follows. 


Let us finish now the proof of the problem. Let ABCD be the square of side 
1 and let / be a line that separates the two squares. If / is parallel to one of the 
sides of the square ABCD, then Lemma 1 applies. Otherwise, | intersects every 
line that determines a side of the square ABCD. Suppose that A is the farthest 
vertex from I. 
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B 


GV a C 

If J intersects the sides of ABCD in E, F’, G, H as in the figure, we have, by 
Lemma 2, that the sum of the lengths of the diagonals of the small squares is less 
than or equal to AC, that is, /2(a +) < V2, then the result follows. 


Solution 2.65. If a, G, y are the central angles which open the chords of length a, 
b, c, respectively, we have that a = 2sin 5, b = 2sin B and c = 2sin 3. Therefore, 


a = 8sin3(30°) = 1, 


where the inequality follows from Exercise 1.81. 


Solution 2.66. The first observation that we should make is to check that the 
diagonals are parallel to the sides. Let X be the point of intersection between the 
diagonals AD and CE. Now, the pentagon can be divided into 

(ABCDE) = (ABC) + (ACX) + (CDE) + (EAX). 
Since ABC X is a parallelogram, we have (ABC) = (CX A) = (CDE). Let a = 
(CDX) = (BAX) and b = (DEX), then we get ¢ = 4% = E53 = 44, that 


is, § = 14V8 | Now we have all the elements to find (ABCDE). 


abc = 8 sin Ssin sin : < 8sin? ( 


Solution 2.67. Prove that sr = s;R = (ABC), where sj, is the semiperimeter of 
the triangle DEF’. To deduce this equality, it is sufficient to observe that the radii 
OA, OB and OC are perpendicular to EF, FD and DE, respectively. Use also 
that R > 2r. 

Solution 2.68. Suppose that the maximum angle is A and that it satisfies 60° < 
A < 90°, then the lengths of the altitudes hy, and h, are also less than 1. Now, use 
the fact that (ABC) = vale and that v3 <sin A < 1. The obtuse triangle case 
is easier. 
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Solution 2.69. Let ABCD be the quadrilateral with sides of length a = AB, 
b= BC, c=CD and d= DA. 

(i) (ABCD) = (ABC) + (CDA) = absinB 4 edsinD < abted 

(ii) If ABCD is the quadrilateral mentioned with sides ot length a, b, c and d, 
consider the triangle BC’ D which results from the reflection of DCB with respect 
to the perpendicular bisector of side BD. The quadrilaterals ABCD and ABC’ D 
have the same area but the second one has sides of length a, c, b and d, in this 
order. Now use (i). 

(iii) (ABC) < #, (BCD) < %, (CDA) < & and (DAB) < &. 

Solution 2.70. In Example 2.7.6 we proved that 


R 
PA: PB: PC > 5 (Pa + Po)(Po + Pe)(Pe + Pa): 


Use the AM-GM inequality. 


‘ +) PA? | PB? , PC? 3/ PA? PB? PC? 3 / (48 2 
Solution 2.71. (i) PbPc PcPa > PaPb 23 PboPc PcPa PaPb 23 =) 2 12. 


ss PA PB PC > PA PC > 33 # > 
(ii) PotPe PetPa Patpo — PotDe eee Patpo — 3 3. 
sss PA PB PC 3/_PA PC > 32 4h > 
(iii) VPbPc 2 VPcPa ai VPaPb — 3 VPbPc a VPaPb — 3 6. 


For the last inequalities in (i) and (iii), we have used Hack 2.70. For the 
last inequality in (ii), we have resorted to Example 2.7.6. 
(iv) Proceed as in Example 2.7.5, that is, apply inversion in a circle with center P 
and radius d (arbitrary, for instance d = p,). Let A’, B’, C’ be the inverses of A, 
B, C, respectively. Let pi, pj, p!. be the distances from P to the sides B’C’, C’A’, 
A’B’, respectively. 

Let us prove that p!, = paneer We have 


PB'.PC'. BIC’ _ paPB’- PC’. BIC! 


‘BIC! =2 / a 
p,B'C! =2(PB'C') = pe 


where A‘, is the inverse of A;, the projection of P on BC. Similarly, p), = PoPC PA 


and p = pePA’. PB' 

San aaa 
The Erdés-Mordell inequality, applied to the triangle A’ B’C’, guarantees us 
that PA’ + PB’ + PC’ > 2(pi, + pi, + pt). 

Now, since PA- PA’ = PB: PB' = PC - PC’ = d’, after substitution we get 


2 (ee 
PA’ PB‘ PC ~°\PB-PC* PC-PA PC-PA 
and this inequality is equivalent to 

PB-PC+PC-PA+ PA: PB > 2(p,PA+pPB+p-PC). 


Finally, to conclude use example 2.7.4. 
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Solution 2.72. If P is an interior point or a point on the perimeter of the triangle 
ABC, see the proof of Theorem 2.7.2. 

If ha is the length of the altitude from vertex A, we have that the area of the 
triangle ABC satisfies 2/ABC) = aha = apa + bpy + Cpe. 

Since ha < PA+ pa (even if pa < 0, that is, if P is a point on the outside of 
the triangle, on a different side of BC than A), and because the equality holds if P 
is exactly on the segment of the altitude from the vertex A, therefore aPA+apq > 
aha = apa + bpy + cp-, hence aPA > bpp + cpg. 

This inequality can be applied to triangle AB’C’ symmetric to ABC with 
respect to the internal angle bisector of A, where aPA > cpy + bp-, with equality 
when AP passes through the point O. 

Similarly, bPB > ap. + cpg and cPC > apy + bpa, therefore 


b b 
PA+PB+PC2(-+5) pat (<+") m+ (5+ =) re. 
cb a c boa 


We have the equality when P is the circumcenter O. 


Second solution. Let L, M and N be the feet of the perpendicular from point 
P to the sides BC, CA and AB, respectively. Let H and G be the orthogonal 
projections of B and C, respectively, over the segment MN. Then BC > HG = 
HN+NM+MG. 

Since ZBNH = ZANM = ZAPM, the right triangles BNH and APM are 
similar, therefore HN = EM BN. In an analogous way we get MG = ENCM. 

Applying Ptolemy’s theorem to AM PN, we obtain PA: MN = AN-PM+ 
AM - PN, hence 


_ AN-PM+AM-PN 


MN 
PA : 
from there we get 
PM AN-PM+AM-PN PN 
Sa eM, 
BU2 BBN t+ PA + Bq eM 


Therefore, 


BC. PA>PM.-AB+PN.-CA. 


Then, PA > py£ + De®. Similarly for the other two inequalities. 


Solution 2.73. Take a sequence of reflections of the quadrilateral ABCD, as shown 
in the figure. 
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Note that the perimeter of PQRS' is the sum of the lengths of the piecewise line 
PQR'S"P"”. Note also that A” B” is parallel to AB and that the shortest distance 
is AA” as can be seen if we project O on the sides of the quadrilateral. 


Solution 2.74. First note that (DEF) = (ABC) — (AFE) — (F BD) — (EDC). 
Ifa=BD,y=CE, z= AF,a—x2= DC, b-—y= EA andc— z= FB, we 
have 


(EDC) y(a- a) 


BO) = ~<a ABO) ae BO) = te 
Therefore, 
oe se (ie Gey eee) 
(ABC) c b a c b a 
Mrs Gee a 
a Cc abe a b 
The last equality follows from the fact that ——- 7 -=+> = 1 which is guaranteed 
because the cevians occur. Now, the last product is maximum when = = % = 


<, and since the segments concur the common value is S. Thus P must be the 
centroid. 


Solution 2.75. If c = PD, y = PE and z = PF, we can deduce that 2(ABC) = 
ax + by + cz. Using the Cauchy-Schwarz inequality, 


b 
(a+b+c)* < (f+2+5) (ax + by + cz). 


2 
Then $+ 7 +22 Mae and the equality holds when x = y = z, that is, when 


P is the incenter. 
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Solution 2.76. First, observe that BD? + CE? + AF? = DC? + EA?+4+ FB?, where 
BD? — DC? = PB? — PC? and similar relations have been used. 

Now, (BD + DC)? = a?, hence BD? + DC? = a? — 2BD.- DC. Similarly for 
the other two sides. Thus, BD? + DC? + CE? + AE? + AF? + FB? =a? +b? + 
c? —2(BD-DC+CE-AE+AF- FB). 

In this way, the sum is minimum when (BD.DC+CE.-AE+ AF: FB) is 
maximum. But BD-DC < (2beuey = (3) and the maximum is attained when 
BD = DC. Similarly, CE = EA and AF = FB, therefore P is the circumcenter. 
Solution 2.77. Since ¢/(aPD)(bPE)(cPF) < aPDIPPETCPR - sera we can 
deduce that PD. PE-PF < = GEey Moreover, the equality holds if and only 
if aPD = bPE = cPF. 

But c: PF = b. PE © (ABP) = (CAP) © P is on the median AA’. 
Similarly, we can see that P is on the other medians, thus P is the centroid. 


Solution 2.78. Using the technique for proving Leibniz’s theorem, verify that 
3PG? = PA* + PB? + PC? — 3(a? + b? +c’), where G is the centroid of ABC. 
Therefore, the optimal point must be P=G. 


Solution 2.79. The quadrilateral APM N is cyclic and it is inscribed in the circle of 
diameter AP. The chord MN always opens the angle A (or 180° — ZA), therefore 
the length of MN will depend proportionally on the radius of the circumscribed 
circle to APMN. The biggest circle will be attained when the diameter AP is the 
biggest possible. This happens when P is diametrally opposed to A. In this case M 


and N coincide with B and C, respectively. Therefore the maximum chord MN 
is BC. 


Solution 2.80. The circumcircle of DEF is the nine-point circle of ABC, therefore 
it intersects also the midpoints of the sides of ABC and goes through L, M, N, 
the midpoints of AH, BH, CH, respectively. 
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Note that t?2 = AL- AD, then 


t AL. AD 
ae a ae =) AL=S OA 


A+B 3 
= S" Roos A < 3Rcos arate = 3Rcos 60° = 5F. 


Observe that we can prove a stronger result 5> to = R-+r, using the fact that 
cos A + cos B + cosC = % + 1. See Lemma 2.5.2. 
Solution 2.81. (i) Notice that 
Po, Po | Pe _ GPa , Pe , Be 
ha hp he aha bhp che 
_ 2(PBC) + 2(PCA) + 2(PAB) 
— 2(ABC) 


Srl. 


Now use the fact that 


Pa , Po, Pe\ (ha , ho “) 
47422) ( 4474“) >9. 
(7 hp a (= Pb Pe _ 


(ii) Using the AM-GM inequality, we have 
3 
Pa Pb Pc Pa Pb De 
OF ee Se (ee ae ee ey 
. (f hp f) = (F Tet fe) : 


where the last equality follows from (i). 
(iii) Let « = (PBC), y = (PCA) and z = (PAB). Observe that a(ha — pa) = 
aha — GPa = 2(y+ 2) > 4,/yz. Similarly, we have that b(hy — py) > 42a y 
c(he — Pe) > 4,/xy. Then, 

a(ha — pa)b(hy — po)c(he — Pe) = 64xyz = 8(apabpocpe). 


Therefore, (ha — pa)(hv — Po) (he — Pe) = 8PaPoPe- 
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Solution 2.82. Assume that a < b < c, then of all the altitudes of ABC, AD is the 
longest. If FE is the projection of J on AD, it is enough to prove that AEF > AO = R. 
Remember that the internal bisector of 7A is also the internal bisector of ZE.AO. 
If I is projected on EF’ in the diameter AA’, then AE = AE’. Now prove that 
AE’ > AO, by proving that I is inside the acute triangle COF, where F is the 
intersection of AA’ with BC. 

To see that COF is an acute triangle, use that the angles of ABC satisfy 
ZA < ZB < ZC, so that $ZB < 90° — ZA, $ZC < 90° — ZA. Use also that 
ZCOF = ZA4+ ZC — ZB < 90°. 


Solution 2.83. Let ABC be a triangle with sides of lengths a, 6 and c. Using 
Heron’s formula to calculate the area of the triangle, we have that 
b 
(ABC) = ./s(e—a)(s—b)(e—0), where s= —— (4.7) 
If s and c are fixed, then s — c is also fixed. Then the product 16(ABC)? is 
maximum when (s — a)(s — b) is maximum, that is, if s — a@ = s — b, which is 
equivalent to a = b. Therefore the triangle is isosceles. 


Solution 2.84. Let ABC be a triangle with sides of length a, b and c. Since the 
perimeter is fixed, the semi-perimeter is also fixed. Using (4.7), we have that 
16(ABC)? is maximum when (s — a)(s — b)(s — c) is maximum. The product of 
these three numbers is maximum when (s — a) = (s — b) = (s — c), that is, when 
a=b=c. Therefore, the triangle is equilateral. 


Solution 2.85. If a, b, c are the lengths of the sides of the triangle, observe that 
a+b+c= 2R(sinZA+sin ZB+sin ZC) < 6R sin (<4+<8+<C) since the function 
sin is concave. Moreover, equality holds when sin 7A = sin ZB = sin ZC. 


Solution 2.86. The inequality (Im +mn-+nl)(l+ m+n) > a7l+ b?m+4 cn is 
equivalent to 


UAE 5 Me Se SO Ea 
lm mn nl 


= cos ZAPB + cos ZBPC + cosZCPA + : > 0. 


+320 


Now use the fact that cosa + cos + cosy + 3 > 0 is equivalent to (2 cos afb + 
cos 25%)? + sin?(2>%) > 0. 
Solution 2.87. Consider the Fermat point F' and let p, = F'A, pp = FB and 


p3 = FC, then observe first that (ABC) = $(pip2 + pop3 + p3pi) sin 120° = 


¥3 (pip + pop3 + p3p1). Also, 


a? +b? +c? = 2p} + 2p3 + 2p} — 2p ps2 cos 120° — 2pep3 cos 120° — 2p3p1 cos 120° 
= (pp + p> + p3) + pipe + pops + pspr- 
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Now, using the fact that 2? + y? > 2xry, we can deduce that a? + 6? +c? > 
3(pip2 + pap3 + psp1) = 3 (4V3(ABC)). Then, a? + b? + c? > 4,/3(ABC). 

Moreover, the equality a? + b? + c? = 4V3(ABC) holds when p? + p3 + p3 = 
Pip2 + pep3 + p3p2, that is, when p, = p2 = pz or, equivalently, when the triangle 
is equilateral. 


Solution 2.88. Let a, b, c be the lengths of the sides of the triangle ABC. In the 
same manner as we proceeded in the previous exercise, define py = F'A, pop = FB 
and p3 = FC. From the solution of the previous exercise we know that 


4\/3(ABC) = 3(pip2 + pops + psp1)- 


Thus, we only need to prove that 


3(pip2 + pop3 + p3p1) < (pi + p2 + ps)”, 
but this is equivalent to pip2+ pops + p3p1 < p? + p3 +p, which is Exercise 1.27. 


Solution 2.89. As in the Fermat problem there are two cases, when in ABC all 
angles are less than 120° or when there is an angle greater than 120°. 

In the first case the minimum of PA + PB+ PC is CC’, where C” is the 
image of A when we rotate the figure in a positive direction through an angle of 
60° having B as the center. Using the cosine law, we obtain 


(CC')? = b + & — 2becos(A + 60°) 
= 0? + —becosA + beV3sin A 


1 
= 5e +b? +c?) +2V3(ABC). 


Now, use the fact that a? +b? +c? > 4\/3(ABC) to obtain (CO’)? > 4,V3(ABC). 
Applying Theorem 2.4.3 we have that (ABC) > 3V/3r?, therefore (CC’)? > 36r?. 

When ZA > 120°, the point that solves Fermat-Steiner problem is the point 
A, then PA+ PB + PC > AB+ AC =b+c. It suffices to prove that b+ c¢> 6r. 


LYz 


Moreover, we can use the fact that b= a2+2,c=ax2+yandr= me 


Second solution. It is clear that PA + pq > ha, where pg is the distance from 
P to BC and h, is the length of the altitude from A. Then hg + hyp + he < 
(PA+PB+PC)+(pa+pot+Pe) < 3(PA+ PB + PC), where the last inequality 
follows from Erdés-Mordell’s theorem. 

Now using Exercise 1.36 we have that 9 < (ha tho +he)\(G+tE+E) = 
(ha + hy + he)(4). Therefore, 9r < hg +hy the < 3(PA+PB + PC) and the 
result follows. 


Solution 2.90. First, we note that (A;BiC)) = $A, By -A,C,-sin ZB,A,C\. Since 
PB,CA, is a cyclic quadrilateral with diameter PC’, applying the sine law leads 
us to A; By = PC sinC. Similarly, 4;C; = PBsin B. 
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Call Q the intersection of BP with the circumcircle of triangle ABC, then 
ZB,Ai\C, = ZQCP. In fact, since PB,CA, is a cyclic quadrilateral we have 
ZB,CP = ZB, AP. Similarly, ZC; BP = ZC, AyP. Then ZB, AC, = ZB,A\P 
+ ZC,A,P = ZB\CP + ZC{BP, but ZC) BP = ZABQ = ZACQ. Therefore, 
ZB, A\C, = ZB,\CP + ZACQ = ZQCP. 


Once again, the sine law guarantees that 32420" — £2 


sinZBQC ~~ PC° 


1 
(A, BiC)) = pA Bi ° A, C\sin ZB AC, 


1 
a re - PCsin BsinC' sin ZQCP 


1 ae ees oe 
a ees -PC-sinBsinC pcan ZBQC 


1 
= 5PB: PQ-sin Asin BsinC 


= (R? — OP?)(ABC) 

= 4R? 

The last equality holds true because the power of the point P with respect to 
the circumcircle of ABC is PB - PQ = R? — OP?, and because (ABC) = 
2R?sin Asin BsinC. The area of A,B,C, is maximum when P = O, that is, 
when A; B,C; is the medial triangle. 


A 
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Solution 3.1. Let a = A, Az, b = A, A3 and c = A; Aq. Using Ptolemy’s theorem 
in the quadrilateral A; A3A,A;5, we can deduce that ab+ ac = bc or, equivalently, 
¢4+2=1. 

b € 
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Since the triangles A,A2A3 ane B,B2B3 are mae eee = eee =e 
and from there we obtain B, Bj = a Similarly Cy C2 = a Therefore Sate = 


e+ = Cop Pee > ro” = 1. The third equality follows from 
ab + ac = bc and the inequality follows from inequality (1.11). The inequality is 
strict since b F C. 

Note that S + $ = (#44)? -2@ =1-22. 

The sine law applied to the ianele A, A3A4 lead us to 


2 <3 wT se ie 
a sin? a sin* 4 
— sin An 21 _ 27 
be sin 25 sin ~ 9sin 2 + 2 sin = COs = 
sin? £ sin? 2 
= 2 20 on Qn 
2(1 — cos? =) cos ~ 2cos 22 = (1 + cos 3£)(1 — cos 2) 
sin? 7 1 


~ 4cos 2£(1 + cos 2) sin? = 4 cos 24(1 + cos =) 


1 - i V2-1 


> —— 
4 cos 7(1 + cos F) 42 (1 ie v2) 2 


Thus 4+ § =1-2© <1-(V2-1)=2- v2. 


Solution 3.2. Cut the tetrahedron along the edges AD, BD, CD and place it on 
the plane of the triangle ABC. The faces ABD, BCD and CAD will have as their 
image the triangles ABD,, BCD2 and CAD3. Observe that D3, A and D, are 
collinear, as are D,, B and Dz. Moreover, A is the midpoint of D, D3 (since both 
D,Aand D3A are equal in length to DA), and similarly B is the midpoint of D; Do. 
Then AB = $D2D3 and by the triangle inequality, D2D3 < CD3 + CD, = 2CD. 
Hence AB < CD, as desired. 


ape : 3. Letting S be the area of we ewianels, we have the formulae sin a = 28 : 
sin 3 = 28 siny = 25 and r= S = =. Using these formulae we find that the 


inequality to be proved is equivalent to 


(f+2+5) (a+b+c)>9, 
which can be proved by applying the AM-GM inequality to each factor on the left 
side. 
Solution 3.4. Suppose that the circles have radii 1. Let P be the common point of 
the circles and let A, B, C be the second intersection points of each pair of circles. 
We have to minimize the common area between any pair of circles, which will be 
minimum if the point P is in the interior of the triangle ABC (otherwise, rotate 
one circle by 180° around P, and this will reduce the common area). 

The area of the common parts is equal to 7 — (sina + sin 3+ sin y), where 
a, 3, y are the central angles of the common arcs of the circles. It is clear that 
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a+@+7 = 180°. Since the function sin x is concave, the minimum is reached when 
a = 8 = 7 = 3, which implies that the centers of the circles form an equilateral 
triangle. 


Solution 3.5. Let J be the incenter of ABC, and draw the line through I perpendic- 
ular to IC. Let D’, E’ be the intersections of this line with BC, CA, respectively. 
First prove that (CDE) > (CD’E’) by showing that the area of D’DI is greater 
than or equal to the area of EE’I; to see this, observe that one of the triangles 
DD'I, EE'T lies in the opposite side to C with respect to the line D’E’, if for 
instance, it is DD’I, then this triangle will have a greater area than the area of 
EE’T, then the claim. 

Now, prove that the area (C.D! E’) is 2"; to see this, note that CI = —¢ 


sinC? sin > 
and that D'T = =z, then 
2 


an 1 lanl / 2r? 2r? 2 
(CD'E') = SDE’ CI = D'l-CI= eae ane > 2r?, 
Solution 3.6. The key is to note that 24X > /3(AB+ BX), which can be deduced 
by applying Ptolemy’s inequality (Exercise 2.11) to the cyclic quadrilateral ABX O 
that is formed when we glue the triangle ABX to the equilateral triangle AX O of 
side AX, and then observing that the diameter of the circumcircle of the equilateral 
triangle is FAX, that is, AX(AB+ BX)=AX-BO< AX. GAX. Hence 


2AD = 2(AX + XD) > V3(AB + BX) +2XD 
> V3(AB + BC +CX)+ V3XD 
> V3(AB + BC+CD). 


Solution 3.7. Take the triangle A’B’C’ of maximum area between all triangles 
that can be formed with three points of the given set of points; then its area 
satisfies (A’B’C’) < 1. Construct another triangle ABC that has A’B’C’ as its 
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medial triangle; this has an area (ABC) = 4(A’B’C") < 4. In ABC we can find 
all the points. Indeed, if some point Q is outside of ABC, it will be in one of the 
half-planes determined by the sides of the triangle and opposite to the half-plane 
where the third vertex lies. For instance, if Q is in the half-plane determined by 
BC, opposite to where A lies, the triangle QB’C" has greater area than A’ B’C’, 
a contradiction. 


Solution 3.8. Let M = 1+ 4 feet i. Let us prove that M is the desired minimum 
value, which is achieved by setting 7] = r2 = --- = @, = 1. Using the AM-GM 
inequality, we get x + (k —1) > kay for all k. Therefore 


2 3 
x x 
2 3 
—+— 


xt 1 n—-1 
fee fH SS Oy t+ 02-406 + 8p — —— = 41 + 224+: +e,—-n4+M. 
2 3 n 2 n 


a+ 


On the other hand, the arithmetic-harmonic inequality leads us to 


Ly + Lat +I 
n 


f n 
“7 I I 

a tat Ta, 
We conclude that the given expression is at least n —-n+ M = M. Since M is 
achieved, it is the desired minimum. 


Second solution. Apply the weighted AM-GM inequality to the numbers tae} with 
weights {tj = st}. to get 


The last inequality follows from n ?/ + ae + <3 + =n. 
n 3 


Solution 3.9. Note that AFE and BDC are equilateral triangles. Let C’ and F”’ 
be points outside the hexagon and such that ABC’ and DEF’ are also equilateral 
triangles. Since BE is the perpendicular bisector of AD, it follows that C’ and F’ 
are the reflections of C and F' on the line BE. Now use the fact that AC’ BG and 
EF'DH are cyclic in order to conclude that AG + GB = GC’ and DH + HE = 
HF’. 

Solution 3.10. Leibniz’s theorem implies OG? = R? — 3(a? + b? + c*). Since 
rs = aoe we can deduce that 2rR = —*. Then we have to prove that abc < 


a+b+c’* 
2 2 2 
{otbte) (otete) for which we can use the AM-GM inequality. 


Solution 3.11. The left-hand side of the inequality follows from 


1 
Vitgot tite + @i-rvti te +2n S 5+ 20+ + en) = 1. 
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For the right-hand side consider 6; = arcsin (a +---+2;) for i =0,...,n. Note 
that 


J/lt+aot +a i1Vejto +a, = \/1+sin 6;_1./1 — sin 6;_} 


= cos 6;_1. 


It is left to prove that S> SB@=se 4 < 5. But 


cos 03-1 


ay Pe en eed | 
sin 6; — sin 6j-4 = 2cos tsi = aaa < (cos 6;-1) (6; = 6;-1). 


To show the inequality, use the facts that cos 6 is a decreasing function and that 
sin? < 6 for0 <0 < 5. Then 


sin 6; — sin O;-1 Tv 
ee 4— Oj7-1 = 6, = =r. 
Ss cos 63-1 ss » Bates 99 2 


Solution 3.12. If 7", 2; = 1, then 1 = (0, a)” = Dy 2? + 2D, wiay. 
Therefore the inequality that we need to prove is equivalent to 


1 a ae 
< = 
a Sheers 


Use the Cauchy-Schwarz inequality to prove that 


(=) Se 


i=l i=l i=l 


Solution 3.13. First prove that 07), &n41(@n41—Li) = (n—1)x?., ,. The inequality 
that we need to prove is reduced to 


> VUi(tne1 — Ui) < Vn — 1tpys. 
i=l 


Now use the Cauchy-Schwarz inequality with the following two n-sets of real num- 
bers: (/F1)---)-VEn) and (\/Emp1 = Fay +++ (Ena =n) 

Solution 3.14. First, recall that N is also the midpoint of the segment that joins 
the midpoints X and Y of the diagonals AC and BD. The circle of diameter OM 
goes through X and Y since OX and OY are perpendiculars to the corresponding 
diagonals, and ON is a median of the triangle OXY. 


Solution 3.15. The inequality on the right-hand side follows from wa + xy + yz + 
zw=(wt+y)(e+z)=—(wt+y)? <0. 
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For the inequality on the left-hand side, note that 


jwr + ryt yz+ zw] = |(w+y)(x@+ z)| 


IA 


5 [ota + @+2) 


<w? +o ty? +22 = 1. 
We can again use the Cauchy-Schwarz inequality to obtain 
|wa + aytyzt+ zw)? <(w?ter?ty?t2\(e?+y?4+2?4+u’) =1. 
Solution 3.16. For the inequality on the left-hand side, rearrange as follows: 


Qn +a2 a, + a3 An—-1 + ay a a2 a3. a2 ay. an 
A pS pH tt Ht tt Ss, 
a1 a2 an a2 ay a2 a3 an ay 


now, use the fact that (z + u) 2: 

Set S;, = ante + utes + cates eee .., Using induction, prove that 
Sy < 3n. 

First, for n = 3, we need to see that bre 4 eta 4 arb <9. Ifa=b=c, 
then bre + cra + ath = 6 and the inequality is true. Suppose that a <b < cand 
that not all numbers are equal, then we have three cases: a= b<c,a<b=c, 
a<b<c. In all of them, we have a < band a < c. Hence 2c =c+c>a+b6 and 


ath < 2, and since ath is a positive integer we have c=a+ b. 


Thus, 24¢ + ta 4 ath — abe , doth +1 =~ 3422424. Since 22 and 2¢ 
are positive integers, and since (22) (22) = 4, we have that either both numbers 
are equal to 2 or one number is 1 and the other is 4. This means the sum is at 
most 8, which is less than 9, then the result. 

We continue with the induction. Suppose that S,-1 < 3(n — 1). Consider 
{a1,...,@n}, if all are equal, then S,, = 2n and the inequality is true. Suppose 
instead that there are at least two differents a;’s. Take the maximum of the a;’s; 
its neighbors (a;-1, aj+1) can be equal to this maximum value, but since there are 
two different numbers between the a,;’s for some maximum a;, we have that one of 
its neighbors is less than a;. We can then assume, without loss of generality, that 
dy, is maximum and that one of its neighbors, aj_1 or aj, is less than a,. Then, 
since 2an, > dn—1 +1, we have that “—*™ < 2 and then “=4™ = 1, for which 
An = An—1 + a ,. When we substitute this value of Qn in Sy, we get 


ie CER A ca CP ot RR 


Si = 
ay a2 an—-1 Qn—-1 17 a1 
An-1 +a ag2+a An—-2 +4 
Re a eA Ce 
ay ag An—-1 


Since S,_-1 < 3(n — 1), this implies that S,, < 3n. 
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Solution 3.17. Since the quadrilateral OBDC is cyclic, use Ptolemy’s theorem to 
prove that OD = R (22 + Be’), where R is the circumradius of ABC. On the 
other hand, since the triangles BCE and DCA are similar, as well as the triangles 
ABD and FBC, it happens that R (22+ 29) = R(42 + 48). We can find 
similar equalities for OE and OF, OE = R (48 + 28) and OF = R(S£+ $4). 
Multiplying these equalities and applying the AM-GM inequality, the result is 
attained. 

Another way to prove this is using inversion. Let D’, E’ and F” be the 
intersection points of AO, BO and CO with the sides BC, CA and AB, re- 
spectively. Invert the sides BC, CA and AB with respect to (O, R), obtain- 
ing the circumcircles of the triangles OBC, OCA and OAB, respectively. Then, 
OD-.OD' = OE - OE' = OF - OF’ = R?. If « = (ABO), y = (BCO) and 
z = (CAO), we can deduce that 


AQ -2+a (BO. gy ead CO ytz 


OD’ y > OF z OF 


This implies, using the AM-GM inequality, that a > 8; therefore, OD - 
OE - OF > 8R?. 


Solution 3.18. First, observe that AY < 2R and that h, < AX, where h, is the 
length of the altitude on BC. Then we can deduce that 


ee AX 
2 sin? A ys AY sin? A 
ha 
= os 2Rsin? A 


ss ha see sin A 1 
= sin =— 
asin a 2R 


since ha = bsinC, hh = csin A, he = asin B. 


Solution 3.19. Without loss of generality, 7, < ag <---<a,.Sincel <2<---< 
n, we have, using the rearrangement inequality (1.2), that 


A=2, +249 +--+ 4+ nt, > nat (n—1)to +--+ a, = B. 


Then, |A+ B| = |(n+ 1) (a1 + +--+ 2%n)| =n+4+1, hence A+ B= +(n+1). Now, 
if A+ B = (n +1) it follows that B < 244 < A, and if A+ B= —(n +1), it is 
the case that B < —at <A 


If we now assume that 2 or —2tt is between B and A, otherwise A or B 


would be in the interval |—"4*, 4+], then either |.A| or |B| is less than or equal 
n+1 


to “> and we can solve the problem. 


? 
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Suppose therefore that B < —aet < nth <A. 

Let 1, ---, Yn be a permutation of x1, ..., , such that ly; +2ye+---+nyn = 
C' takes the maximum value with C' < —o4. Take i such that y; < yg <-+- < y% 
and y; > yi+1 and consider 


D= yy + 2y2 +--+ iysga + (6+ Dy t+ 04+ 2)yice +--+ + Yn 
D-C = ity t+ G+ )yi — Gy t+ (4+ lyiti) = 4% — Yui > 0. 


Since |yi|, |yiz1| < neh we can deduce that D—C = y; — yin < n+ 1; hence 
D<C+n+41 and thereforeC <D<C+n+1< neh 
On the other hand, D > — net , since C is the ain sum which is less 


ore 
than —2. Thus -44+ <D< and then |D| < =. 


Solution 3.20. Among the numbers z, y, z two have the same sign (say x and y), 
since c = z (z + u) is positive, we can deduce that z is eae 
Note that a+b—c= Pu b+ce-a= 2Ue é+a—b= 22 a are positive. 
Conversely, ifu =a+b—c,v=b+c—aand w=c+a-— bare positive, 


2xry v= 2yz — 22% 


: _— utw _ 
a w= 2, we can obtain a = “5° = 


taking u = 
on. 


x(4+2), and so 


Solution 3.21. First, prove that a centrally symmetric hexagon ABCDEF has 
opposite parallel sides. Thus, (ACE) = (BDF) = (ABCPEF) | Now, if we reflect 
the triangle PQR with respect to the symmetry center of the hexagon, we get 
the points P’, Q’, R’ which form the centrally symmetric hexagon PR’QP’RQ’, 
inscribed in ABCDEF with area 2(PQR). 

Solution 3.22. Let X = “+, 23, X; = X — 23; it is then evident Dane x= 

1 S~t_, X;. Using the AM-GM inequality leads to £X, > ¢/a3a3a3 = +; similar 
ficenalitics hold for the other indexes and this implies that X > Dae 

Using Tchebyshev’s inequality we obtain 


i= Nea 
eit agtey+ ey. ait ee + a3 try ry +22+2%3+24 
4 = 4 4 : 


Thanks to the AM-GM inequality we get sey wena > W/(a1 220304)? = 1, and 
therefore X > }0,_, %. 


Solution 3.23. Use the Cauchy-Schwarz inequality with u = ( aa ae : a 2) 
and uv = (V2, /¥, Vz). 


Solution 3.24. If a = ZACM and 6 = ZBDM, then 4448 = tanatan @ and 


a+ 3 = 4. Now use the fact that tana tan @tany < tan® (=e), where y = $ 


Another method uses the fact that the inequality is equivalent to (MCD) > 
3V3(M AB) which is equivalent to 44 > 3/3, where | is the length of the side of 
the square and h is the length of the Ssiatude from M to AB. Find the maximum 
h. 
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Solution 3.25. First note that re + fu + Ex = 1. Now, use the fact that AL, 
BM and CN are less than a. 


2 
Solution 3.26. Since fs. on < + (34 + 8c) , it is sufficient to see that fs + 
QC _ 4. 

QA 


A 


Bel 


B C 
A’ 
Draw BB’, CC’ parallel to the median AA’ in such a way that B’ and 
C’ are on PQ. The wianels APG ee BRE: are similar, as well as AQG and 
CQC"’, thus fs = Zq@ and aa = . Use this together with the fact that 
AG = 2GA’ = BB’ 4 CCl. 
Solution 3.27. Let I be the circumcircle of ABC, and let R be its radius. Consider 
the inversion in T’. For any point P other than O, let P’ be its inverse. The inverse 
of the circumcircle of OBC is the line BC, then Aj, the inverse of Aj, is the 
intersection point between the ray OA; and BC. Since?? 


P’Q’ = Re PQ 
OP -OQ 
for two points P, Q (distinct from O) with inverses P’, Q’, we have 
AA, _ R?. A'A‘ _ AA, ctytz 


OA, OA’-OA,-OA, OA ytez ’ 
where x, y, z denote the areas of the triangles OBC, OCA, OAB, respectively. 
Similarly, we have that 


BB, «+yt+z ‘ CC, «+yt+z 
= - ni = CC .. 
OB, zt+a2 OC; xo+y 


Thus 
Ad BBn COOL ety gf ye, 8 
OA, OB, Oc, noe ytes 24a e+y)/— 2 


For the last inequality, see Exercise 1.44. 


?2See [5, page 132] or [9, page 112]. 
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Solution 3.28. The area of the triangle GBC is (GBC) = (ABO) = +G4 Therefore 
GL= 2480) . Similarly, GN = ae) 
In eonseouenee, 


GL-GNsinB _ 4(ABC)?sinB 


MeN = 2 7 18a¢ 
4(ABC)?b2_ (ABC)? 
~ (18abe)(2R) (OR abe) (4R) 
_ (ABC) b? 
~~ 9-4R? 
Similarly, (GLM) = G29" and (GMN) = 429" Therefore, 


(ABC) 9 4R? 4R? 


(LMN) 1 (= +0? “| _ R?-0G? 
The inequality in the right follows easily. 
For the other inequality, note that OG = OH . Since the triangle is acute, 
#7 is inside the triangle and HO < R. Therefore, 


(LMN) _ R?— 40H? . R?-3R? 2. 4 
(ABC) 42. — 4k? «<9 27" 
Solution 3.29. The function f(x) = > is convex for x > 0. Thus, 
f(ab) + f(bc) + f(ca) > f ab+be+ca\ _ 3 
3 < 3 ~ 3+ab+be+ ca 


3 1 


6 
re thee ae shee: oy 


the last inequality follows from ab + be+ ca < a? +b? + c?. 
We can also begin with 


1 1 1 9 9 3 


a pts a ee 
1l+ab 1+be 1+ca~ 3+ab+be+ca~ 3+a?4+b2+c2 2 


The first inequality follows from inequality (1.11) and the second from Exercise 
1.27. 


Solution 3.30. Set « = b+ 2c, y = c+ 2a, z = a+ 2b. The desired inequality 


becomes 
(Z+4)+(4+2)+(E+4 “)+3(4 eae =) 315, 
y « zy r y 
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which can be proved using the AM-GM inequality. Another way of doing it is the 
following: 
a b c a? b? e (a+b+c)? 


b+ 2c 7 c+ 2a m a+2b  ab+2ca 7 be + 2ab 7 ca+2be ~ 3(ab+bc+ ca) 
The inequality follows from inequality (1.11). It remains to prove the inequality 
(a+b+c)? > 3(ab+ bc + ca), which is a consequence of the Cauchy-Schwarz 
inequality. 


Solution 3.31. Use the inequality (1.11) or use the Cauchy-Schwarz inequality with 


b d 
(ae ae a) and (Va+b,Vb+c,Vc+d,Vd+a). 
a Cc Cc a 


Solution 3.32. Let x =b+c—a,y=c+a-—band z=a+b-c. The similarity 
between the triangles ADE and ABC gives us 
DE _ perimeter of ADE _ 22 
a perimeter of ABC =at+b+c 


: — xyz), res ne ae ta : a(y+z) — at+ytz 
Thus, DE = rarest that is, the inequality is equivalent to Fae < =7—. Now 


use the AM-GM inequality. 

Solution 3.33. Take F on AD with AF = BC and define E’ as the intersection 
of BF and AC. Using the sine law in the triangles AE’ F, BCE’ and BDF, we 
obtain 


AE’ AFsinF © sin £E’ snF BD AE 
E'C snE’ BCsmB snB FD EC’ 
therefore E’ = E. 

Subsequently, consider G on BD with BG = AD and H the intersection 
point of GE with the parallel to BC passing through A. Use the fact that the 
triangles ECG and EAH are similar and also use Menelaus’s theorem for the 
triangle CAD with transversal EF'B to conclude that AH = DB. Hence, BDAH 
is a parallelogram, BH = AD and BHG is isosceles with BH = BG = AD > BE. 


Solution 3.34. Note that ab+ bc+ ca < 3abc if and only if 4 + ; + 4 < 3. Since 


1 1 1 
(at+b+c) (G +542) = 9, 
a 6b ec 


we should have that (a+ b+ c) > 3. Then 
3(a+b+c) <(at+b+c) 


= (a%/2a-¥/? +. 59/25-1/2 + eileury 
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Solution 3.35. Take y; = 4 for alli = 1,2,...,n and suppose that the inequality 
is false, that is, 


Then 


1 Yl ose Yn 
> (n - 1)? ——————__,, 
Il (1+ y1)--- + Yn) 
and this implies 1 > x71 --- 2p, a contradiction. 
Solution 3.36. Use the Cauchy-Schwarz inequality with (, en dear [=) and 


(y T1Y1) +--+ Dain) to get 


2 
{x [x 
(a tot ay)* = ( ra aa = int 
n 


x x 
< (24.42) (21y1 +++ + 2nYn). 
Y1 Yn 


Now use the hypothesis $3 iy; < So x. 
Solution 3.37. Since abc = 1, we have 

1 1 1 
(a—1)(b-1)(e—1) =at+b+c- (+ —+ *) 
a b ec 


and similarly 


1 1 1 
(a” — 1)(6" -1)(c" —1) =a" +b" $c" — (= + aa =) | 

a” or ch 
The proof follows from the fact that the left sides of the equalities have the same 
sign. 


Solution 3.38. We prove the claim using induction on n. The case n = 1 is clear. 
Now assuming the claim is true for n, we can prove it is true for n+ 1. 
Since n < Vn? +i<n+1, fori=1,2,...,2n, we have 


{Vit +ih = VF Fi-n< netoit (=) ie ee 


2n 
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Thus 
(n+1) n? a a 1 1 2n 
= } < ct 
(VHA DOAN Sg oe 
j=l j=l jan? +1 i= 
_ (nt+1)?-1 
a 2 


Solution 3.39. Let us prove that the converse affirmation, that is, x? + y> > 2, 


implies that x? + y? < x? + y*. The power mean inequality ,/ ety <4 ay 


implies that 

ety? < (e+ PB < (23 + y3)?/3 (03 + yB)¥3 = 23 4 y?. 
Then x? — a? < y?—y? < y4—y?. The last inequality follows from the fact that 
y(y — 1)? 20. 
Second solution. Since (y—1)? > 0, we have that 2y < y?+1, then 2y? < y*+y?. 
Thus, 22 +y? < a3 tyt*ty?—y> <a27+y’, since 23 + y* <2? + y%. 
Solution 3.40. The inequality is equivalent to 

1 1 


Ce) eee) + (a1 — @2) + +++ + (n-1 — Ln) 4 GaSe 


Solution 3.41. Since 482 > Vab3, 4 > Wobct and +4 > Vca?, we can deduce 
that 


(a +. 3b)(b + 4c)(c + 2a) > 60a b70c%5 
Now prove that ct > a2 or, equivalently, that c8 > a5b?. 


Solution 3.42. We have an equivalence between the following inequalities: 
7(ab + be + ca) < 2+ 9 abc 


& Tabt+be+ca)(a+b+c) < 2(at+b+c)? +9 abe 
& @b+a?+het+be+catca’ < 2(a2 +6? +c*,) 


For the last one use the rearrangement inequality or Tchebyshev’s inequality. 


Solution 3.43. Let E be the intersection of AC and BD. Then the triangles ABE 
and DCE are similar, which implies 


|AB-—CD|____|AB| 
|AC-—BD| |AE-EB|’ 


Using the triangle inequality in ABE, we have ape > 1 and we therefore 


conclude that |AB — CD| > |AC — BD|. Similarly, |AD — BC| > |AC — BD|. 
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Solution 3.44. First of all, show that aj +--- +a; > HIFD a, for 7 <n, in the 
following way. First, prove that the inequality is valid for 7 = n, that is, aj +---+ 
an > *£*a,; use the fact that 2(a,+---+an) = (a1 +Gn—1) +++ +(an—1 +41) +2an. 


Next, prove that if b; = Sp esee sae then bj > be > ++: > bn = @ (to prove by 


induction that 6; > b;41, we need to show that b; > “4+ which, on the other 


j+1 
hand, follows from the first part for n = 7 +1). 
We provide another proof of aj + --- +a; > HID g once again using 


induction. It is clear that 
a, = ai, 
a2 ay ay a2 a2 a2 
Le a Op ey 
Now, let us suppose that the affirmation is valid forn = 1,...,7, that is, 
a, 2 ay 


a2 
Ga ee 


dices hea ae 
1 2 Se cas 


Adding all the above inequalities, we obtain 
ee 
2 
Adding on both sides the identity 


ja, + (j—1) 


a2 SE bhi ay tee ta, 
we obtain 
G41) (mt B44 2) > (a a5) + (art aja) t+ (aj +a) 2 Jagan 
Hence 
TS a 
on both sides of the inequality provides the final step in the 


Qj+1 
j+l 


Finally, adding 
induction proof. 
Now, 


n-1 
a2 an 1 1 1 
eg Ge Ge Os DS (5-5) (a, +--+ +a,) 


n—-1 WAG 
1 (n(n +1) 1 j(f+1) 
Se ees NE SS 
>= ( 2n on) + Ga a 
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Solution 3.45. 


Se i = ge +2 S- L;L; 
<u i<n 


1<i<j<n 


2 
Xi L4X5 


1l<i<n l<i<j<n 


=8 S$) aej(ap +++ +2%) 


IV 
(0) 
| 
x 
& 
8 
G 
— 
& 
8 
SN 
a 


For the first inequality apply the AM-GM inequality. 

To determine when the equality occurs, note that in the last step, two of 
the x; must be different from zero and the other n — 2 equal to zero; also in the 
step where the AM-GM inequality was used, the x; which are different from zero 
should in fact be equal. We can prove that in such a case the constant C = $ is 
the minimum. 


Solution 3.46. Setting ¢/a = x and Wb = y, we need to prove that (2? + y?)° < 
2(x? + y?)? for x, y > 0. 
Using the AM-GM inequality we have 
Baty? < 2 + 23y3 + 23y3 
and 
322y* < y6 + a3 y3 + wy, 
with equality if and only if 7° = x°y? = y® or, equivalently, if and only if « = y. 
Adding together these two inequalities and adding «®° + y® to both sides, we get 
7 +y° he 3a7y? (x? +y7) < 2(x° +y° ae 223 y). 
Equality occurs when x = y, that is, when a = b. 

Solution 3.47. Denote the left-hand side of the inequality as S$. Since a > b> c 
and x > y > z, using the rearrangement inequality we have bz+cy < by+cz, then 
(by + cz)(bz + cy) < (by + cz)? < 2((by)? + (cz)?). 

Setting a = (ax)*, 3 = (by)?, y = (cz), we obtain 


ax? ax? a 


(by + cz) (be + oy) ~ Alby? +(e) ABH) 
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Adding together the other two similar inequalities, we get 


1 
ed ee eee es a 
2\6+y yta a+ 
Use Nesbitt’s inequality to conclude the proof. 


Solution 3.48. If XM is a median in the triangle XYZ, then XM? = $XY? + 
4XZ* — 4YZ?, a result of using Stewart’s theorem. If we take (X,Y, Z,M) to 
be equal to (A, B,C, P), (B,C,D,Q), (C,D,A,R) and (D,A,B,S), and then 
substitute them in the formula, we then add together the four resulting equations 
to get a fifth equation. Multiplying both sides of the fifth equation by 4, we find 
that the left-hand side of the desired inequality equals AB? + BC? +CD?+ DA? + 
4(AC? + BD?). Thus, it is sufficient to prove that AC? + BD? < AB? + BC? + 
CD? + DA?. This inequality is known as the “parallelogram inequality”. To prove 
it, let O be an arbitrary point on the plane, and for each point X let x denote the 
vector from O to X. We expand each term in AB? + BC? + CD? + DA? — AC? — 
BD?, writing for instance 


AB? = |a— b|? = lal? — 2a-b+ |b/? 


and then finding that the expression equals 


Jal? + |b? + |cl? + |d)? — 2(a-b+.b-c+e-d+d-a—a-c—b-d) 
= |a+c—b-—d|? >0, 


with equality if and only if a+c=6+d, that is, only if the quadrilateral ABCD 
is a parallelogram. 


Solution 3.49. Put A=2?+y?+2?, B=aytyzt+2a, C=a2°y? + y227 + 2227, 
D = xyz. Then 1 = A+2B, B? = C+2ayz(2+y+z) = C+2D and s*+y*+24 = 
A? —2C = 4B? —-4B+1-2C =2C —4B+4+8D +1. Then, the expression in the 
middle is equal to 


3-2A+(2C —4B+8D+1)=2+4+2C+8D>2, 


with equality if and only if two out of the x, y, z are zero. 

Now, the right-hand expression is equal to 2+ B+ D. Thus we have to prove 
that 2C+8D < B+D or B—2B?—3D > 0. Using the Cauchy-Schwarz inequality, 
we get A> B, so that B(1 — 2B) = BA> B?. Thus it is sufficient to prove that 
B?-3D=C—D>0. But C > xryyz+yzzx+zrxry = D as can be deduced from 
the Cauchy-Schwarz inequality. 


Solution 3.50. Suppose that a= 2, b= #,c= 


Ble 


a . The inequality is equivalent to 


(=-1+2) Career ee 
y y z z x x 
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and can be rewritten as («+ z—y)(t+y—z)(y+z—2) < xyz. This last inequality 
is valid if x, y, z are the lengths of the sides of a triangle. See Example 2.2.3. 

A case remains when some out of the u = «+ z-y, v= a@+y—z,w = ytz-2@ 
are negative. If one or three of them are negative, then the left side is negative 
and the inequality is clear. If two of the values u, v, w are negative, for instance 
u and v, then u+v = 2z is also negative; but x > 0, so that this last situation is 
not possible. 


Solution 3.51. First note that abe < a +b+c implies (abc)? < (a+b+c)? < 
3(a? + b? +c”), where the last inequality follows from inequality (1.11). 

By the AM-GM inequality, a? + b? + c? > 3%/(abc)?, then (a? + 6? + c?)3 
33(abc)?. Therefore (a? + b? + c?)* > 3?(abc)*. 


Solution 3.52. Using the AM-GM inequality, 


(a+ b)(a+c) =a(at+b+c) + bc > 2,/abce(a+ b+ c). 


Second solution. Setting c = a+b, y=a+c, z= b+c, and since a, b, c are 
positive, we can deduce that x, y, z are the side lengths of a triangle XY Z. Thus, 
the inequality is equivalent to = > (XYZ) as can be seen using the formula for 
the area of a triangle in Section 2.2. Now, recall that the area of a triangle with 
side lengths x, y, z is less than or equal to =. 


IV 


Solution 3.53. Since x; > 0, then 7; — 1 > —1. Next, we can use Bernoulli’s 
inequality for all i to get 


(1+ (2; —1))? > 14+ i(2; —1). 


Adding these inequalities together for 1 <i <n, gives us the result. 


Solution 3.54. Subtracting 2, we find that the inequalities are equivalent to 


(a+b—c)(a—b+c)(-a+b+c) 


<als 
abc 


0< 


The left-hand side inequality is now obvious. The right-hand side inequality is 
Example 2.2.3. 


Solution 3.55. If we prove that it will be clear how to 


TaETEBe 2 GATS BST CATS» 
get the result. The last inequality is equivalent to 


2 
(a8 £5 4 ar) > a?/3 (a? + 8be). 
Apply the AM-GM inequality to each factor of 


(a8 re aa st ny = (at/3)" _ (0° in c) (a‘/8 ci ai/3 4 Bee a J) 
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Another method for solving this exercise is to consider the function f(a) = wad 
this function is convex for x > 0 (f(a) = Paar > 0). For 0 < a,b, c <1, with 

= oy by ——— i a 
a+6+c = 1, we can deduce that Teton t Ze > ant gis Applying this 
to x = a? + 8be, y = 6? + 8ca and z = c? + 8ab (previously multiplying by an 
appropriate factor to have the condition a + b+ c= 1), we get 

a i b ci c ae 1 

Vae+8be Vee +8ca V2+8ab~ Va +3 +3 + 2M4abe. 


Also use the fact that 


(a+b+c =a? +b? +c3 + 3(a7b+ a72c+b'a+ be + ca 4+ c7b) + Gabe 
>a? +b? +c? + 2d4abe. 


Solution 3.56. Using the Cauchy-Schwarz inequality > ajbj </>) a?\/>> b? with 


a= 1, b; = Tyatpa pp a?? we can deduce that 


1 i) In 
- ——s—~ 4 + -- + —— > — < Yin /)_ B?. 
+a? 1403423 ers ener ea Bi 


Then, it suffices to show that 5° 0? < 1. 
Observe that for 7 > 2, 


xv 
< a 
~ (L+az+---+a? ,)(l+a24+---4+ 22) 
7 1 1 
© (L+af te + apy) (lt+af+--- +27) 


2 
For i = 1, use the fact that bj < =z =1—p4,. Adding together these inequal- 
1 1 
ities, the right-hand side telescopes to yield 


n 


2 
x; 1 
b2 = ee ee re 
2 Vanes) = Pep pae 


i=1 
Solution 3.57. Since there are only two possible values for a, 3, 7, the three must 
either all be equal, or else two are equal and one is different from these two. 
Therefore, we have two cases to consider. 

(1) a= 6 =7. In this case we have a+ b+c= 0, and therefore 


a+h+c3 ss a? + 68 — (a+b) ‘ 
abc - —ab(a + b) 


— ((a+b)?2-a@+ab—B\* — (3ab Rak 
7 ab aa ae 
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(2) Without loss of generality, we assume that a = 3, y #4 a, thenc=a+b 
and 


++ a+b>+(atd)? (a+b)? +a?—ab+b? 


abc - ab(a + b) - ab 
2a? + 2b? + ab ab 

ig ee 
ab boa 


If a and b have the same sign, we see that this expression is not less than 5, and 
its square is therefore no less than 25. If the signs of a and b are not the same, we 
have ¢ + £ < —2, therefore 2(¢ + £) +1<—3 and (2(¢+4)41)'>9. 

Thus, the smallest possible value is 9. 


Solution 3.58. Using the AM-GM inequality, Warey + SETS + GEE) > sr: where 


X = Vabe, Y = */(a+b)(b+c)(c+a). Using AM-GM inequality again gives 
27 1 


atb+te atb+te 3 
Xs St and Y < 285°, then yy 2 (2) waperar: 


Solution 3.59. The inequality is equivalent to a+ + b*4 + c* > a?be + b?ca + cab, 
which follows using Muirhead’s theorem since [4, 0,0] > [2, 1, 1]. 


Second solution. 


ab ro a4 b4 3 


ie cg ab ae ae? 
(a +b? +07)? 


a 3abc 
(a+b+c)* fat+b+e 5 (a+b+c) 
27abe 3 abc 
b 
> (abc) (=) =at+bt+e. 
abc 


In the first two inequalities we applied inequality (1.11), and in the last inequality 
we used the AM-GM inequality. 


Solution 3.60. Take f(x) as f(x) = 74. Since f” (a) = aay > 0, f(a) is convex. 
Using Jensen’s inequality we get f(x) + f(y) + f(z) = 3f(=#*). But since f is 


increasing for x < 1, and because the AM-GM inequality helps us to establish 
that Y= > s/zyz, then we can deduce that f(4*) > f(¥/ayz). 


Solution 3.61. 
a S 1 b es 1 Cc 4 1 = 
b+e 2 ct+ta 2 a+b 2) — 


is equivalent to (2a +b+c)(2b4+c+a)(2c+a+b) > 8(b+c)(c+a)(a+b). Now, 
observe that (2a+6+c)=(a+b+a+t+c) >2V/(a+b)(ce+a). 
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Solution 3.62. The inequality of the problem is equivalent to the following inequal- 
ity: 
(a+b—c)(a+b+c) i (b+c—a)(b+c+a) (cta-—b)(c+at+b) 


Sigh SEE eG 
C2 a2 b2 ret) 


which in turn is equivalent to (aie + ie + (toy a” > 12. Since (a+b)? > 4ab, 
(b+)? > 4be and (ec +a)? > Aca, we can deduce that 


(a+b)? (b+c)? (c+a)? _ 4ab 4be 4a 3/ (ab) (bc) (ca) 

ae = S ggaee Wye egg eps a — eagapyee 
Solution 3.63. By the AM-GM inequality, 7? + /x + x > 3x. Adding similar 
inequalities for y, z, we get x? + y? + 274+ 2%(/et+ fyt+ Vz) > 3(et+y+2) = 
(etytz)y=a7? 4+ y2 +274 2A(cy + yz+ 22). 


Solution 3.64. If we multiply the equality 1 = 4 + ; + 4 by Vabc, we get Vabc = 
2+ ,/% + /&. Then, it is sufficient to prove that Ve+ab > Vet 4/%. 
Squaring shows that this is equivalent to c+ ab > c+ ab + 2Vab, c+ ab > 
c+ab(1—+—+)+2Vab or a+b > 2Vab. 


Solution 3.65. Since (1—a)(1—b)(1—c) = 1—(a+b+c)+ab+ bce+ ca— abc and 
since a+ b+ c= 2, the inequality is equivalent to 


1 
0<(1-a)(1l-bd)\1l-c< =. 
< (I= a)(1- (1-9 < = 
But a < 6+c = 2-—a implies that a < 1 and, similarly, b < 1 and c < 1, therefore 
the left inequality is true. The other one follows from the AM-GM inequality. 


Solution 3.66. It is possible to construct another triangle A4A;M with sides AA}, 
A,M, MA of lengths equal to the lengths of the medians ma, mp, Me. 


A 


Ci M 


B A C 


Moreover, (AA;M) = (ABC). Then the inequality we have to prove is 
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Now, the last inequality will be true if the triangle with side-lengths a, b, c and 
area S satisfies the following inequality: 


1 re ae 3V3 
ab be a as” 


Or equivalently, 4/3 5 < aa which is Example 2.4.6. 


Solution 3.67. Substitute cd = + and da = <, so that the left-hand side (LHS) 


inequality becomes 


ae ue 1+ab +itey 1+ be (4.8) 
1+a  ab+tabc +b be+ bed , 


1 1 1 1 
ata) ba ee ee een 
( + ab) (+ ab + — - (tam) 


Now, using the inequality 4 Sat = a> We get 


z + (1+ be) E 
1fa+ab+abe T+ b+ be + bed 


1( 1+ab J 1+ be ) 

l+a+t+ab+abe 1+b6+0c+ ded 

1( 1+ab & a+ abc ) 
1l+at+ab+abe a+ab+abc+ abcd 


Solution 3.68. Using Stewart’s theorem we can deduce that 


Ps he ef a ; i c)? — a2 1 c)? — a 
ga me(1-( y= 5((b-+ 0)? — a2) < 4((b+ 0)? — 0°). 


(LHS) > (1 + ab) 


b+e b+c) 
Using the Cauchy-Schwarz inequality leads us to 
(la + ly + le)? < 3(12 + Up + 12) 
< T((a +b)? + (b+0)? + (eta)? Sg = Se) 


< ee 


Solution 3.69. Since — = , the inequality is equivalent to 


l-a 
2 2 2 


ie 
ai + + 
b+e eta at Qa+b+e 2+ate W%2wt+at+d) 
t+ 


> aah we have 


a 
Now, using the fact that ; 


5 1 “ 1 a 1 es 4 Ey 4 4 4 
b+ce eta at+b/~ at+b+2c b+ce+2a c+a+2b 


which proves the inequality. 
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Solution 3.70. We may take a< b<c. Thenc<a+b and 


V2 V2 V2 
as Qatb+o) > ¥ (20) = V2cr > Vb" +c”. 


Since a < b, we can deduce that 


a\™ 1a ops 
(0 + =) = b" + nb"— 5 + other positive terms 


> b+ sap >b™ 4a". 


Similarly, since a < c, we have (c+ $)” > c" +a", therefore 


/2 
(a + b")m 4 (B" +c") + (cP 4a")* eee 
V2 /2 
=attto+ a14 2. 


Second solution. Remember that a, b, c are the lengths of the sides of a triangle if 
and only if there exist positive numbers z, y, z witha = y+z,b=2z+2,c=a+y. 
Since a+b+c=1, we can deduce that r+y+z= s. 

Now, we use Minkowski’s inequality 


(3 +n") 7 = (x=) : + (30) : 


i=l 


to get 
i a ie n\t n 
(a + b")” = ((y +z)" + (z+a)")™ < (a ty") + (22")” < ot V2z. 
Similarly, (b” + c")= <a+ ¥V/2zx and (c’ +a") <b+ Vy. Therefore 


3 2 
(a” + b")m + (BP +e")™ 4 (C4 a")™ <atbtet+ Pe+y+2=14+ 2. 


Solution 3.71. First notice that if we restrict the sums to 7 < j, then they are 
halved. The left-hand side sum is squared while the right-hand side sum is not, 
so that the desired inequality with sums restricted to i < 7 has (1/3), instead of 
(2/3), on the right-hand side. 

Consider the sum of all the |x; — «;| with i < 7. The number 2; appears in 
(n — 1) terms with negative sign, x2 appears in one term with positive sign and 
(n — 2) terms with negative sign, and so on. Thus, we get 


(n — 1)a — (n — 3)aq — (n — 5) ag “+ (n= 1)an = 57 (28-1-n)ay. 
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We can now apply the Cauchy-Schwarz inequality to show that the square of this 
sum is less than }\ av? 5\(2i — 1 — n)?. 

Looking at the sum at the other side of the desired inequality, we immediately 
see that it is n )> a? — (> a,)?. We would like to get rid of the second term, which 
is easy because if we add h to every x; the sums in the desired inequality are 
unaffected (since they only involve differences of the x;), so we can choose an h to 


make )> x; zero. Thus, we can finish if we can prove that }\(2i—1—n)? = nt), 


SJ (2i-1-n)? =4) 67? -4(n4+1) Soitn(n+1yP 
2 


= =n(n + 1)(2n4 1) — 2n(n 41)? + n(n +1)? 


3 

= sn(n + 1)(2(2n + 1) — 6(n +1) + 3(n + 1)) 
Le 

= gn —1) 


This establishes the required inequality. 


Second solution. The inequality is of the Cauchy-Schwarz type, and since the prob- 
lem asks us to prove that equality holds when 21, x2, ..., &, form an arithmetic 
progression, that is, when 2;—2; = r(i—j) with r > 0, then consider the following 
inequality which is true, as can be inferred from the Cauchy-Schwarz inequality, 


2 
So é-<llei—25|] < S56@-37)? So(a - 2;)?. 
1,7 4,9 a9 


Here, we already know that equality holds if and only if («; — x;) =r(i—J), with 
r>0. 
Since )7(i—j)? = (2n—2)-17 + Qn —4) 2? +---42-(n—-1P? = BORD, 
ij 
we need to prove that > |i — j| |v: — 2;| = } DO |x; — v;|. To see that it happens 
ig 
compare the coemcent of x; in each side. On the left-hand side the coefficient is 
Gla 2) eb) — (ee Oe (2) a et tee 8) 
_ G=-1)t (n-O)m@=—t+1) _ nQQi-n—1) 
2 2 - 2 


The coefficient of 7; on the right-hand side is 


ODE ae: =F (i-1)- (n— iy) = ROE 


t<Jj j>t 


Since they are equal we have finished the proof. 
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Solution 3.72. Let x4) = 21 and %n+2 = ®2. Define 


Xi; : 
- and b = a+ i41 + Vi+2, ie {1,...,n}. 


a, = 
Ti4+1 


It is evident that 


The inequality is equivalent to 


a, n? 
week. 
7 bi 3 
Using the AM-GM inequality, we can deduce that 


ieee 1 
—S b> prongs Ua OO ish eee a 
n+ n Vb1-++bn 3 


On the other hand and using again the AM-GM inequality, we get 


nm 2 
a; a a. Y7A1,°°* a n n 
Sos Snz ee ety Nee — 
bj bi bn Yoi---b, Wbr---b, 3 


Solution 3.73. For any a positive real number, a+ 1 > 2, with equality occurring 
if and only if a = 1. Since the numbers ab, bc and ca are non-negative, we have 


P(x)P (=) = (ax* + ba +c) («5 + b= + c) 


1 1 1 
=P +042 bab(e+2) +be(e+=) tea (a+ 5) 
x x x 


> a? +b? + ¢? + 2ab + 2be + 2ca = (a+ b+)? = P(1)?. 


Equality takes place if and only if either x = 1 or ab = bc = ca = 0, which in view 
of the condition a > 0 means that b = c = 0. Consequently, for any positive real 
x we have 


with equality if and only if either x =1 or b=c=0. 
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Second solution. Using the Cauchy-Schwarz inequality we get 
P(«)P : = (ax + bx +c) re ee 
Ee a) ee a+ce)\a5 gre 


= (vax)? + (vba)? + (ve) (4)'+ (4) + (Ve? 


2 (view 1 vorZh + veva) =(a+b+c)? = (P(1))?. 


Solution 3.74. 


a2(b+c)+b(c+a)+ (a+b) 
(a+ b)(b+ c)(c+ a) 
@b+tatctlctVat Cat cb 
go eT Ts Se 
2abe + a2b + a2c + b?c 4+ b7a4+ c2a+c2b ~ 4 
& a@b+a?ctb?c+b?a+ Cat cb —6babc > 0 
~ [2,1,0] > [1,1,1]. 


3 
Soe 
a 


w 


> 


The last inequality follows after using Muirhead’s theorem. 


Second solution. Use inequality (1.11) and the Cauchy-Schwarz inequality. 


Solution 3.75. Applying the AM-GM inequality to each denominator, one obtains 
1 me 1 . 1 - 1 - 1 2 1 
1+2ab 14+2be 14+2ca~ 1+a?+0? 14+06?+c? 1+4+c?+a?° 
Now, using inequality (1.11) leads us to 


1 i 1 ns 1 Cie ae ee 
l+a?+b? 140? +2 14+2+a? ~ 342(a2+b2? +c?) 342-3 


Solution 3.76. The inequality is equivalent to each of the following ones: 
ety + 2443(2+y4+z2) > -(324+ ay t yet yz t yt 232), 
gi(c+y +z) ty(et+yt+2)+ fetyt2)4 3let+ y+2) = 0, 
(aty+z)(22 + y? + 2° —3zryz) > 0. 


Identity (1.9) shows us that the last inequality is equivalent to 


sletyt2)((e—y)? + (y 2)? + (z-2)?) 20. 
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Solution 3.77. Let O and I be the circumcenter and the incenter of the acute 
triangle ABC, respectively. The points O, M, X are collinear and OCX and 
OMC are similar right triangles. Hence we have 


OC OM 

OX OC’ 
Since OC = R = OA, we have Sa = oe. Hence OAM and OX A are similar, so 
we have au = Ou 


It now suffices to show that OM <r. Let us compare the angles ZOBM and 
ZIBM. Since ABC is an acute triangle, O and I lie inside ABC. Now we have 
ZOBM = $—ZA= 3(ZA+2B+2C)—-ZA = 3(ZB+ZC—ZA) < = ZIBM. 
Similarly, we have ZOC'M < ZIC'M. Thus the point O lies inside TBC, so we get 


OM <r. 


Solution 3.78. Setting a = x7, b = y?, c = z, the inequality is equivalent to 


ge y® +2° > xyz + yea + z*ay. 
This follows from Muirhead’s theorem since [6,0,0] > [4, 1, 1]. 
Solution 3.79. Use the Cauchy-Schwarz inequality to see that /7y+ z= /@/y+ 


Vevz < Jatefvy te = Srytectytz) = Jey tz. Similarly, /yzt+ar < 
Vyz+u and /zx+y </f/zxt+y. Therefore, 


Vary tet/yetutVzrt+y > frytJ/yztV2xr+o+ytz. 


Solution 3.80. Using Example 1.4.11, we have 


24724 2 
aise ee, (atb+c)(a*+b* +e ys 


3 
Now, 
b 
e+e+e> +P +2) > Vabc(ab + be + ca) > ab+ be+ ca, 


where we have used the AM-GM and the Cauchy-Schwarz inequalities. 
Solution 3.81. Using Example 1.4.11, we get (a+b+c)(a?+b?+c?) < 3(a? +b? +c), 


but by hypothesis a? + b? +c? > 3(a3? +63 +c3), hence a+b+c < 1. On the other 
hand, 


4(ab+ be + ca) -—1>0°4+0? +2 > ab+be+ ca, 
therefore 3(ab + be+ ca) > 1. As 
1 < 3(ab+6c+ ca) < (+640)? <1, 


we obtain a+b+c = 1. Consequently, a+b+c = 1 and 3(ab+bc+ca) = (at+b+c)?, 


which implies a = b=c= z. 


188 Solutions to Exercises and Problems 


Solution 3.82. The Cauchy-Schwarz inequality yields 
(la| + |b] + lel)? < 3(a° +.B? +c*) = 9. 
Hence |a| + |b] + |c| < 3. From the AM-GM inequality it follows that 


a? +b 40? > 3%/(abc)? 
or |abc| < 1, which implies —abc < 1. The requested inequality is then obtained 
by summation. 
Solution 3.83. Notice that 
OA, (OBC) _ OB-OC- BC AR 


AA, (ABC) — 4R, AB. AC. BC’ 


Now, we have to prove that 
OB-OC-BC+OA-OB-AB+OA-OC-AC > AB- AC: BC. 
We consider the complex coordinates O(0), A(a), B(b), C(c) and obtain 


[Bl - |e] - ]b — e| + Jal - |b] - |a— b| + Jal - |e] -|e— a] > |a — B] - Jb—e| - |c— a]. 
That is, 


|b?c — c7b| + |a2b— 67a] + |c?a — a2c| > ab? + be? + ca” — a7b — Be — cal, 


which is obvious by the triangle inequality. 


Solution 3.84. Let S = {i1,i: +1,...,91, 72,72 +1,...,jo,.-.,%p,---;Jp} be the 
ordering of S, where jx < ix41 fork = 1,2,...,p—1. Take S, = aj +a2+--++4p, 
So = 0. Then 


S- ag = 55, — Si,-1 + §5,_. — Sip_y-1 + + Sy, — Si -1 
iES 


and 


S- (a; +++» +a;)? = S- (S; — S;)?. 


Isi<jxn OSi<jen 
It suffices to prove an inequality with the following form: 


P 


(@i age (1h ap) < De (xj — ai)” + 2s at oY) 


1<i<j<p i=1 


because this means neglecting the same non-negative terms on the right-hand side 
of the inequality. Thus inequality (4.9) reduces to 
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This can be obtained adding together inequalities with the form 42,7; < 2(a7+23), 


i<j, 7 —% =even (for odd i, x; appears in such inequality [+] times, and for 
even i, ©; appears in such inequality [5] — 1 times). 


Solution 3.85. Let x = at+b+c, y = ab+be+ca, z = abe. Then a?+b?+c? = «?—2y, 
a7b? +020? +7 a? = y? —2x2, ab?c? = 2, and the inequality to be proved becomes 
27 4. 2(y? — 2az)+4(a? — 2y) +8 > Vy or 27+ 2y? — 422+ 42? —17y+8 > 0. Now, 
from a? + b? + c? > ab+ be+ ca = y we obtain x? = a? + b? +c? 4 2y > 3y. 
Also, 


CP + Pet eq? = (ab)? + (be)? + (ca)? 
> ab-ac+ bc: ab+ ac: be 
= (a +b+ c)abc = wz, 


and thus y? = ab? + b?c? + c?a? + 2xz > 3xz. Hence, 


2 8 10 
2? 429" — dex +4e? —17y+8= (z-=) + sy — 3)" + (y* — 322) 
35 


as required. 


Second solution. Expanding the left-hand side of the inequality we obtain the 
equivalent inequality 


(abc)? + 2(a?b? + b?c? + ca?) + 4(a? +b? +c?) +8 > 9(ab + be + ca). 


Since 3(a? +b? +c?) > 3(ab+bc+ca) and 2(a7b? + b?c? +c?a7)+6 > 4(ab+bc+ ca) 
(for instance, 2a7b? + 2 > 4Va2b? = 4ab), it is enough to prove that 


(abc)? +a? +b? +c? +2 > 2(ab+4 be + ca). 


Part (i) of Exercise 1.90 tells us that it is enough to prove that (abc)? +2 > 
3Va2b2c2, but this follows from the AM-GM inequality. 


Solution 3.86. Let us write 


egy ak eer eee 3 3/1 + 6abc + 6b?ac + 6c? ab 
¥/3 V abc ee) abc 
_ 3 3/1+3ab(ac + be) + 3bc(ba + ca) + 3ca(ab + be) 
~ 3 abc ; 


and consider the condition ab + be + ca = 1 to obtain 


3 3/1+3ab— 3(ab)? + 3bc — 3(bc)? + 3ca — 3(ca)? 
V3 abc 
3 3/4 —3((ab)? + (bc)? + (ca)?) 


5) abc 
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It is easy to see that 3((ab)? + (bc)? + (ac)?) > (ab + be + ac)? (use the Cauchy- 
Schwarz inequality). Then, it is enough to prove that 


which is equivalent to (abc)? < 32. But this last inequality follows from the AM- 

GM inequality, 
b+bce+ca\* 1 
be)? = (ab) (b oe | See 
(abe)? = (ad)(be}(ea) < (SERS) _ 

The equality holds if and only ifa@=b=c= Ft 
Solution 3.87. Using symmetry, it suffices to prove that t1 < tg + tz. We have 
n n tj t; 
Dedrant YO (e+#) 


i=1 i=l 1<i<j<n 


1 1 1 t;  t; 
eee pa ey pee y ane 
n aia) chives 7 (+2) 

(4,9) A(1,2),(1,3) 


Using the AM-GM inequality we get 


oe 


a 


(-+2)2 2 
tg tg) ~ tots’ 


Thus, setting a = t,/./tot3 > 0 and using the hypothesis, we arrive at 


ke “1 t Jtats n? 2 
m+1> dip ent2 245M M2] st aa] = dat 2 44 
i=1 i=1 * 


bi Bs 
to + t3 > 2Vtotz and a + a >2 for all i, j. 
o) 4 


Hence 2a + 2 —5 <0, which implies 1/2 < a = t1/\/tats < 2. Sot) < 2,/tots, and 
one more application of the AM-GM inequality yields ty < 2\/tat3 < ta + ts, as 
needed. 


Solution 3.88. Note that 1+ b—c=a+b+c+b—c=a+2b>0. Then 


1+1 1+b- b- 
wr bac <a (EC) ay 8 = 


3 
Similarly, 
bV¥l+c—a<b+ ie 
—cb 
cVl+a—b<cH — : 


Adding these three inequalities, we get 


aV1+b—ct+bWl+c—at+evVl+a—b<at+b+cH=l. 
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Solution 3.89. If any of the numbers is zero or if an odd number of them are 
negative, then 7, 22---a@g < 0 and the inequality follows. 

Therefore, it can only be 2 or 4 negative numbers between the numbers 
in the inequality. Suppose that neither of them are zero and that there are 2 
negative numbers (in the other case, change the signs of all numbers). If y; = |x|, 
then it is clear that y? + y3+---+y2 = 6, yi + yo = ys +--+: + yo and that 
T1%2°°* Xe = YiYy2°°* Ye- 

From the AM-GM inequality we get 


2 
yiye < (4s) = A’. 


Also, the AM-GM inequality yields 


4 4 
fo 2 (44*) ear 


< 
Y3¥4Y5Y6 S ( 7 7 4 


Therefore, yiy2--- ye < pr A®. 
On the other hand, the Cauchy-Schwarz inequality implies that 


2(yi + y3) > (yi + ye)? = 4A? 
A(y3 + yt +8 +y8) = (ys + ya + ys + ye)” = 4A”. 


Thus, 6 = y? + y3 +--+ y% > 2A? + A? = 3A? and then yiyo---y6 < a A® < 


2 
28 a 
Sa 


Solution 3.90. Use the Cauchy-Schwarz inequality with (1,1,1) and (¢, B £) to 


obtain 
2 Oe a b ec \? 
Pee (ee = Se (eee), 
Grae se \(F+5+5 Bice a 


: : ; b be _ 
The AM-GM inequality leads us to ¢ + 2+ £ > 3y/#° = 3, then 


Ne a ie Gx (Oey 8 
b=  at§ } ~ \b- ce al 


Similarly, 4+ 6 + F234 abe = 3. Therefore, 


a? 2 2 4a aaee eas 
b2 ee? in a Sone 


Adding ¢ + B + ¢ to both sides yields the result. 
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Solution 3.91. Note that 


249 2 1 1 
2 > - (rar hrers (a2-—a4+1)(a4+1) = V1+4+a?. 


After substituting in the given inequality, we need to prove that 


az b2 C2 


a | (Paar ED) 


1 
———$_$_____ + —________ SS, 
(a? + 2)(b2 +2)  (b? + 2)(c? +2 mae 


Set « = a”, y= b?, x = c’, then xyz = 64 and 
x y Zz 

+ + 

) ) 


CGD Gane. = 


(z+ 2)(a+2 
if and only if 


3[a(z + 2) + y(a + 2) + z(y + 2)] > (a + 2)(y + 2)(z + 2). 


Now, 3(ay + yz+ 2x) + 6(a+y4 2) > xyz +2(cytyz4+ 24) + 4(a+y4+2z)4+8 
if and only if ay + yz+ 2a +2(a+y+2) > cyz+8 = 72, but using the AM-GM 
inequality leads to r+y+z2 > 12 and ry+yz+4+ zx > 48, which finishes the proof. 


Solution 3.92. Observe that 
ge ge gp xcge? a? (y? + 22)(«3 — 1)? 


P+y+22 a(ar+y24+ 22) o3(a5 + y? + 22)(a? +42 4 2) 


Then 
5 2 5 2 


YA aS 
x+y? + 2? _ x3 (a? + y? + 2?) 


a 2 Se — yz) > 0. 
The second inequality follows from the fact that xyz > 1, that is, 4 < yz. The 
last inequality follows from (1.8). 
Second solution. First, note that 


2° — 7 — ty? + 2? — (a? + y? + 2?) ee a 
e+ y24+ 22 x + y2 + 22 “ x + y2 + 22° 


Now we need to prove that 


1 1 1 3 
Sipe Pig te psa eye be ge 
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Using the Cauchy-Schwarz inequality we get 

(a? + y? + 27)? < (2? «03 + y? + 2?)(a? - 5 +y? +27) 
and since xyz > 1, then x? - 4 = + < yz, and we have that 


(Pty? t+ 2) < (ety? +27) (yet y? +27) 


therefore 
2 9 ye te? 2 2 
a ae aa (a? pig? az)" (x? + y? + 27)? 
_ 3 
~ 2 + y? + 22 
Solution 3.93. Notice that 
1 1 1 
1 b ——_—_—- + ———_ + ——— 3 
ed sot Teeny S oS} ‘ 


1l+abe+ab+a 1+abe+bc+b 1+abe+cat+e 
a(b + 1) b(c + 1) c(a + 1) 
l+a b(c + 1) 1+b c(a + 1) l+c a(b + 1) 


Weel? Gia, tori, Gen dara: Ga” 


The last inequality follows after using the AM-GM inequality for six numbers. 


Solution 3.94. Let R be the circumradius of the triangle ABC. Since ZBOC = 
2ZA, ZCOA = 22B and ZAOB = 2ZC, we have that 


2 
(ABC) = (BOC) + (COA) + (AOB) = (sin 2A+sin2B + sin2C) 


2 
ergs 2A + 2B + 2C 
2 3 
_ Fy (28) — 3v3R 
= 2 sin 3 = 4 . 


The inequality follows since the function sin x is concave in [0,7]. 

On the other hand, since BOC is isosceles, the perpendicular bisector OA’ of 
BC is also the internal bisector of the angle ZBOC, so that ZBOA’ = ZCOA' = 
ZA; similarly ZCOB’ = ZAOB' = ZB and ZAOC’ = ZBOC’ = ZC. In the 
triangle B’OC’ the altitude on the side B/C’ is # and B/C’ = £(tan B + tanC). 
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Therefore, the area of the triangle B’OC’ is (B’OC’) = x 4 (tan B + tanC). Simi- 
larly, (C’OA’) = (tan C + tan A) and (A/OB’) = Lee A+ tan B). Then, 


2 
(A'B’C’) = (B’0C’) + (C'OA’) + (A'OB’) = (tan A+tan B +tanC) 


; A+B 
= 3 tan (e**) 
7 F 5 tan @ VaR 
- 3, 0 A 
The inequality follows since the function tan a is convex in (0, $]. 
Hence, 
2 
(A'B’C’) > — > (ABC). 


Solution 3.95. First, note that a?+be > 2Va2be = 2Vab\/ca and similarly b?+-ca > 
2VbeVab, c? + ab > 2,/cav/bc; then it follows that 


1 1 1 a 1 1 1 
—— ee a np 
az+bc b?+ ca 2+ab = = 9 (e+ VbeVab aE) 


Now, using the Cauchy-Schwarz inequality in the following way 


( See eee ee eerie 
Vab\/ca JVbeVab Veav/be —~\ab be ca ca ab bc)’ 
the result follows. 


Solution 3.96. From the Cauchy-Schwarz inequality we get 


= 5 oe Hay 2 So ai “= (0-v$0) - (w= 1)°A. 


igi I gy tAj 
On the other hand, 
n 2 n 
Sans = (Som) - (Soak) == 
ij i=1 i=1 
Solution 3.97. Without loss of generality, take ay <--- < ay. Let dy = ax41 — ax 


for k =1,...,n. Then d = d; +--+ +dn-_1. For i < j we have that |a;—a,;| = 
a; — a; =d; +--+: +d;_1. Then, 
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n j-1 
s=) |la:—a|= >>> (di -++dj-1) 
V<j j=2 1=1 


j=2 
n—-1 

= k(n — k)dy 
k=1 


Since k(n — k) > (n — 1) (because (k — 1)(n —k — 1) > 0) and 4k(n — k) < n? 
(from the AM-GM inequality), we obtain (n —1l)d< 5 < as 

In order to see when the equality on the left holds, notice that k(n — k) = 
(n-1) 6 n(k-1) =k? -1e@k=10rk=n-1, 80 that (n—1)d=s only if 
dg =-+--=dn_2 = 0, that is, ay < ag = +++ =An_1 < an. 

For the second equality notice that 4k(n —k) = n? @k =n—k. If n is 
odd, the equality 4k(n — k) = n? holds only when dy = 0 for all k, therefore 
a, =-:: = a, = 0. If n is even, say n = 2k, then only dx can be different from 
zero and then a, =--- = ag < dp44 = +++ = Gx. 


Solution 3.98. Consider the polynomial P(t) = tb(t? — b?) + be(b? — c?) + ct(c? —t?). 
This satisfies the identities P(b) = P(c) = P(—b—c) = 0, therefore P(t) = 
(b—c)(t — b)(t —c)(t +b +0), since the coefficient of t? is (b — c). Hence 


|ab(a? — b*) + be(b? — c?) + ca(c? — a?)| = |P(a)| 
=|(b- Qa da oat b+0)]. 


The problem is to find the least number M such that the following inequality holds 
for all numbers a, 8, c: 


|(a—e)(a— db)(b— c)(a+b+e)| < M(a? +b? + c?)?. 


If (a,b,c) satisfies the inequality, then (Aa, Ab, Ac) also satisfies it for any real 

number \. Therefore, we can assume, without loss of generality, that a? +b? +c? = 

1. In this way the problem becomes the search for the maximum value of P = 

|(a — b)(a — c)(b—c)(a +b + c)| for real numbers a, b, c such that a?+b?+c? = 1. 
Note that 


(3(a? + b? + c)]? = [2(a — b)? + 2(a — e)(b—c) + (a+ b+0c)?)? 
> 8|(a — c)(b— c)| [2(a— b)? + (a+b +0)7] 
> 16V2|(a — c)(b—c)(a—b)(a+b+0) 
= 16/2P 


The two inequalities are obtained using the AM-GM inequality. 
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Thus, P < 7 ee and the maximum value is na because the equality holds 
F — 3V34+V6 V6 — Y6-3V3° 

with a= ia ,b= a] and c= Sri 
Solution 3.99. For a= 2,b=c= 4 and n > 3, the inequality is not true. 
If n = 1, the inequality becomes abc < 1, which follows from VWabe < abbbe =1. 
For the case n = 2, let x = ab+bce+ca; now since a?+b?+c? = (a+b+c)?—2(ab+be+ 
ca) = 9-22 and x = (ab+be+ca)? > 3(a*bc+ab2c+abc?) = 3abc(a+b+c) = Yabe, 
the inequality is equivalent to abc(9 — 2x) < 3, but it will be enough to prove that 
x?(9 — 2x) < 27. This last inequality is in turn equivalent (2x + 3)(a — 3)? > 0. 


Solution 3.100. First, the AM-GM inequality leads us to ca +e +a > 3Vc2a?. 
From this we get 


(a+1)(b+ 1)? = (a+1)(+1)?  (a@+1)(4+1)? — (6+1)? 


3878@+41  catet+atl (e+1)(e@+1)  (e+1)" 
Similarly for the other two terms of the sum; therefore 


(a+1)(b4+ 1)? a (b+ 1)(c+ 1)? “ (c+ 1)(a4+ 1)? 
3Vea? +1 3Va2b? +1 37 bc? +1 

(Gee eb acl 
(c+ 1) (a+ 1) (b+1)° 


2 


Now, apply inequality (1.11). 


Solution 3.101. Using Ravi’s transformation a= 2+ y,b=y+2,c=z+4, we 
find that e+ y+z2= 3 and zyz < (ee )s = ;- Moreover, 


Aabc _@ +0? 4+ c?)(a+b+c) + 4abe 


a? +? +c + —— 5 ; 
_ Ayt2)P? tte t@et+y)(etyt+z)+4y+zete)(e+y) 
3 
=S(e+y+2) — xyz) 


Therefore the minimum value is 2. 


Solution 3.102. Apply Ravi’s transformation a = y+ 2,b=2z+2,c=x2+y, so 
that the inequality can be rewritten as 

(22)4 CC 
2y) (y+ 2)(2z) 
bz)\(z+2)+(z+a)(et+y)+(e+y)y +2). 
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From inequality (1.11) and Exercise 1.27, we obtain 


CEC C2) Ca 
@+a)@x) * WV) ” UHR) ~ PHP Ee tay tye tae 
8(x? + y? + 27)? 


On the other hand, (y+ z)(z+2)4+ (2+ 2)(a@ + y) + (e+ y)(y + 2) = 3(ay + 
yz + zz) + (x? + y? + 27); then it is enough to prove that 4(x? + y? + 27) > 
3(xytyztz2)4+(x27+y?+27), which can be reduced to 27+ y?+27 > cyt+yz+z2. 


Solution 3.103. The substitution © = 4, y = ##¢, z = 44 has the property 


that ry + yz + zx = 1. Using the Cauchy-Schwarz inequality, (x7 + y + z)? > 
3(xy + yz + zx) = 3, therefore |x +y+2z| > V3 >1. 


Solution 3.104. It will be enough to consider the case 7 < y < z. Then x = y—a, 
z=yt+bwith a, b>0. 

On the one hand, we have rz = 1 — ry — yz = 1—(y-—a)y—y(y+b) = 
1 — 2y? + ay — by and on the other, xz = (y — a)(y+b) = y? — ay + by — ab. 
Adding both identities, we get 2xz = 1 — y? — ab, so that 27z — 1 = —y? — ab < 0. 
If 2xz = 1, then y = 0 and xz = 1, a contradiction, therefore rz < s. 


The numbers x = y = 4 and z = $(n—4) satisfy ¢ < y < zand zyt+yz+zr = 


2 
—_ 1 wowed Tee 4 : v0 a ; 
1. Howey, Lz = 5-(n— =) = 5 — x can be as close as we wish to 5, therefore, 


the value 5 cannot be improved. 


Solution 3.105. Suppose that a = [x] and that r = {x}. Then, the inequality is 


equivalent to 
a+2r a Ai 2a+r r = 9 
a a+ 2r r Qa+r 2 


This inequality reduces to 


2(245) a rs Tr 38 
a oer a+2r 2a+r 2 


But since + + 2 > 2, it is enough to prove that 


a Tr 3 


——— + ——- << =. 
a+2r 2a+r 2 


But a+ 2r >a+r and 2a+r >a+r; moreover, the two equalities cannot hold 
at the same time (otherwise a = r = 0), therefore 


a Tr a r 
St ES 
a+2r 2a+r atr a+r 
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Solution 3.106. Inequality (1.11) shows that 


j eae Gers F 3? 
atb+c> +54 ->—_,, 
a b ec a+tb+e 


so that abbhbe > a: Thus, it is enough to prove that a+b+c> s, 


Since (x + y+ z)? > 3(ay + yz + 22), we have 


| oe ete i. “<4 3 
Baby ee) a ee b 
ie ee (+ +7++) >3(5+E45) meas +¢); 


and from here it is easy to conclude the proof. 


Solution 3.107. By means of the Cauchy-Schwarz inequality we get 


(a+b+1)\(a+b+c’) >(a+b4+c). 
Then 
a+b+c? az+b+c a+b?+c 
(atb+c)? (atb+c) (a+b4+c)? 
% 1 is 1 i 1 si 
—~a+tb+1l b+cec+1 e+tatl~ © 
Therefore, 


2(at+b+c)+(a?+b? +c’) > (atbt+c? =a? +b? +c? +2(ab+ be+ ca), 


and the result follows. 


Solution 3.108. For an interior point P of ABC, consider the point Q on the 
perpendicular bisector of BC satisfying AQ = AP. Let S be the intersection 
of BP with the tangent to the circle at Q. Then, SP + PC’ > SC, therefore 
BP+PC=BS+SP+PC>2 BS+SC. 

On the other hand, BS + SC > BQ + QC, then BP + PC is minimum if 
P=Q. 

Let T be the midpoint of MN. Since the triangle AMQ is isosceles and MT 
is one of its altitudes, then MT = ZQ where Z is the foot of the altitude of Q 
over AB. Then MN + BQ + QC = 2(MT + QC) = 2(ZQ + QC) is minimum 
when Z, Q, C are collinear and this means C’'Z is the altitude. By symmetry, BQ 
should be also an altitude and then P is the orthocenter. 


Solution 3.109. Let H be the orthocenter of the triangle MNP, and let A’, B’, C’ 
be the projections of H on BC, CA, AB, respectively. Since the triangle MNP 
is acute, H belongs to the interior of the triangle MNP; hence, it belongs to the 
interior of the triangle ABC too, and therefore 


a< HA'+HB’+HC'’<HM+HN+4HP<K 2X. 
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The second inequality is evident, the other two will be presented as the following 
two lemmas. 


Lemma 1. If Hf is an interior point or belongs to the sides of a triangle ABC, 
and if A’, B’, C’ are its projections on BC, CA, AB, respectively, then x < 
HA'+HB'+ HC’, where x is the length of the shortest altitude of ABC. 


Proof. 


HA'+HB'+HC'. HA’, HB HC’ _ (BHC) | (CHA) , (AHB) _ 
x cei ea ho (ABC) ' (ABC) ' (ABC) — 


Lemma 2. If 17 NP is an acute triangle and 4 is its orthocenter, then HM+HN+ 
HP < 2X, where X is the length of the largest altitude of the triangle MNP. 


Proof. Suppose that 7M < ZN < ZP, then NP < PM < MN and go it happens 
that X is equal to the altitude MM’. We need to prove that HM+HN+HP< 
2M M' = 2(HM + HM’) or, equivalently, that HN + HP< HM+2HM". 


Let H’ be the symmetric point of H with respect to NP; since MNH'P is 
a cyclic quadrilateral, Ptolemy’s theorem tells us that 


H'M-NP=H'N-MP+H'P-MN> H'N-NP+H'P-NP, 


and then we get H’N + H'P < H'M=HM+2HM". 
Solution 3.110. Without loss of generality, we can suppose that « < y < z. Then 


BAUS BPs UT ey pe ee i 227(a + y) > Qy2(z +2) > 2x?(y 4+ z), 
1 


Jaeety) & TICES < WETICE If we resort to the rearrangement inequality 
and apply it twice, we have 
ry + 2x 


Se 2 ey 


Now, adding 5° Ire to both sides of the last inequality, we obtain 


pea La Qa? + Qyz Sp na 
\/2a?(y + z) 2x? (y + z) 
= +a(y+z) 


x?(y + 2) 


eye war) 2x3(y + z) 
\/222(y + z) 
=2( VE + V+ v2) =2. 
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Second solution. First, note that 


x? + yz _ wt —aytz)tyz (y+ z) 
2x?(y + z) 2x?(y + z) 2u?(y + z) 
_(@-ye-) , fur? 
yrs) V2 
5 @=y)@=2) | Vet ve 
= Jmuty | 2 


Similarly for the other two elements of the sum; then 


eS =D Bat a a 


Then, it is enough to prove that 


CADE H 2) AU SO) OSs 
2eyt2)  Vweta) V2(e+y) 
Without loss of generality, suppose that « > y > z. Then eS > 0, and 
Y-z)y-2) , -2x)(z-y) 
2y?(z +2) 227(a + y) 
_ @=2)y-2)_ =a@—y) 5 (@=v)y-2) _ Y= 2)(e—y) 


\/227(a + y) VJ2y27(z+ax) ~ /222(a+ y) 2y?(z +2) 
1 1 
= (y— 2)(e@—y) = - 7 z 


The last inequality is a consequence of having y?(z+2) = y?z+y?a > y2z7 +2227 = 
2(a+y). 
Solution 3.111. Inequality (1.11) leads to 
a? é. b? i Cc " (a+b+c)? 
2+b+c? 2teta* 2+e4+8? ~ 6+a+b+ce+a2+h+c? 
Then, we need to prove that 6+a+b+ct+a?+b?+c? < 12, but since a?+b?+c? = 3, 
it is enough to prove that a+b+c < 3. But we also have (a+b+c)? = a?+b?+ 


c* + 2(ab + be + ca) < 3(a? +b? +c?) = 9. 
The equality holds if and only ifa=b=c=1. 


Solution 3.112. First, note that 


a—be | 2bc 2bc _ 2be 
a+be 1—b—c+be ~ G—b(—c) (e+a)(atb)’ 
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Then, the inequality is equivalent to 


2bc % 2ca st 2ab * 
(cta)(at+b) (at+b)(b+c) (b4+c)(e+a) — 


ND] w 


This last inequality can be simplified to 
4 [bc(b + c) + ca(c + a) + ab(a + b)| > 3(a + b)(b+ c)(c+ a), 
which in turn is equivalent to the inequality 
ab + be + ca > Yabe. 
But this inequality follows from (a + b+c)(++7%++4)>9. 
Solution 3.113. Notice that (1 /yt+ yVz + 2/2)? = x yt y?zt 220 + 2(xy/yzt 
y2,/za + 2x,/BY). 
The AM-GM inequality implies that 


ryz+ xy” 


ry /yz = fayz/ ry? < —_— —_{ 


then 


(nJ/y tyVzt 2a)? < ary t yet 20+ cy? + y2? + zx? + B82xyz. 


Since (a + +2)(2+2)=a22ytytzt+ 22at ay? + yz? + zx? + 2zryz, we obtain 
YY yry yory 


(aVy tyvz t+ 2/2)? < (et y)(y t+ z)(2 +2) + xyz 
< (2+ yy + \z+2) + slot yt M242) 
= (a +y)(y+z)(24+ 2). 
Saad Ko 2, and then K > eae When z = y = z, the equality holds with 
k= ; wrt hence this is the minimum value. 


Second solution. Apply the Cauchy-Schwarz inequality in the following way: 
rlytyJzt2eJ/a = Salty t+ Joye t+ VeV2n < J(u ty +2) (xy + yz + 22). 
After that, use the AM-GM inequality several times to produce 


(a+ y + 2) (wy + yz + 22) (e+y) U2) (242) 


5 a < SYaryzy/ ay? 2? = xyz < 5 5 5 
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Solution 3.114. The left-hand side of the inequality can be written as 
a*b?cd+ab?c?d+abe?d? +a*bed? +a7be?d+ab*cd” = abcd(ab+be+cd+ac+ad+bd). 


The AM-GM inequality implies that a?b?c?d? < (ett ta? ya = eae hence 
abed < a: To see that the factor (ab + bc + cd + ac + ad + bd) is less than 3 we 
can proceed in two forms. 

The first way is to apply the Cauchy-Schwarz inequality to obtain 


(ab + bc + cd + ac + ad + bd + ba+ cb + de+ca+da-+ db) 
< (74+ P44 C4 PC 4+e4+P4+F4 P4074 4+ 4d?) =3. 


The second way consists in applying the AM-GM inequality as follows: 
(ab + be + cd + ac + ad + bd) 


ae be c+ dd esis a2 + d? be +d? 
a 2 2 2 2 2 2 > 


3 
5° 


Solution 3.115. (a) After some algebraic manipulation and some simplifications 
we obtain 


(l+y+z2)?+(lt+2+2)? 


(lt+a+y)*4 
=3+4(2+y+z) +2(ay + yz+ zx) +2(2? + y? +27). 


Now, the AM-GM inequality implies that 
(atytz) > 3%/ryz > 3, 
(xy + yz + zx) > 34/2? y?22? > 3, 
(x? + y? + 2?) > 89/22 y22? > 3. 


Then, (lt+2+y)?+(l+ytz)?+(l+z4+2)? >34+4-34+2:-342-3=27. 
The equality holds when x =y=z=1. 


(b) Again, after simplification, the inequality is equivalent to 


3+ 4(a+ yt z) + 2(ay t+ yz + zz) + (a? + y? +27) 
< 3(a? + y? + 27) + (xy + yz t 22) 


and also to 3+ 4u < u?+2v, whereu=2+y+z>3andv=a2yt+yz+ 22 >3. 
But u > 3 implies that (u — 2)? > 1, then (u— 2)? +2u>1+6=7. 

The equality holds when u = 3 and v = 3, that is, when @ =y=z=1. 
Solution 3.116. Notice that 


1 1 1 1 
1+a%(b+c) 1+a(abt+ac) 1+4+a(3—bce) 3a4+1-abe’ 
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The AM-GM inequality implies that 1 = abbbetea > Va?b2c2, then abc < 1. Thus 
1 1 


ee 
1l+a%(b+c) 8a+1—-abce— 


1 
3a" 
Similarly, TP era) < a and Teta < oe Therefore, 
1 Fa 1 t 1 iS 1 1 1 
1+a*(b+c) 14+6%(c+a) 1+c?(a+b)~ 3a 3b 3c 
_ be+catab_ 1 


3abe ~ abe’ 


Solution 3.117. The inequality is equivalent to 


(a+b49 (ptt) Ske abot k= a td4 et Dk 
On the other hand, using the condition a+ b+c=ab+ bc+ ca, we have 
1 1 1 a? +b? +c? 4+ 3(ab+ be + ca) 
a+b b+c c+a (a + b)(b+ c)(c +a) 
a? + b? +c? + 2(ab+ be + ca) + (ab + be + ca) 


(a+ b)(b+ c)(c+a) 
(a+b+c)(a+b+c+l1) 
(a+ b+ c)? — abc 


Hence 


d 


(a+b+c) 1 ¥ 1 rs 1 \ (a+b+c)? 
(a+b+c+1)\at+b b+e cH+a (a+b+c)? — abe ~ 


and since the equality holds if and only if abc = 0, we can conclude that k = 1 is 
the maximum value. 


Solution 3.118. Multiplying both sides of the inequality by the factor (a+ b+ c), 
we get the equivalent inequality 


9a+b+c)(a? +b? +c?) + 27abe > A(a+b+0)%, 
which in turn is equivalent to the inequality 
5(a? + b® + c?) + 3abc > 3(ab(a +b) + ac(a + c) + bc(b + 0)). 
By the Schiir inequality with n = 1, Exercise 1.83, it follows that 


a® +b? +c? + 3abe > ab(a +b) + be(b +c) + ca(c + a), 


and the Muirhead’s inequality tells us that 2[3,0,0] > 2[2,1,0], which is equivalent 
to 
4(a? + b? +c?) > 2(ab(at b) + ac(a +c) + bc(b+c)). 


Adding these last inequalities, we get the result. 
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Solution 3.119. Lemma. If a, b > 0, then Gb? + + a Zz 2 =. 


Proof. In order to prove the lemma notice that Ta bF + + + Zz a5 GE 


Without loss of generality, z = min{z,y,z}; now apply the lemma with 
a = (a —z) and b= (y — z), to obtain 
1 ag 1 . 1 = 4 
(z—y)?  (y—z)? (2-2)? ~ (@-z)(y-2) 


Now, it is left to prove that ry + yz+ za > (a — z)(y — z); but this is equivalent 
to 2z(y+ 2) > 2”, which is evident. 
Solution 3.120. In the case of part (i), there are several ways to prove it. 


First form. We can prove that 


a us y? te - i (yz + za + vy — 3)? 
Gal? ga eae Gees he ye 
Second form. With the substitution a = —4,, b= Tas c = >, the inequality 


is equivalent to a? + b? + c? > 1, and the condition xyz = 1 is equivalent to 


abc = (a — 1)(b— 1)(c — 1) or (ab + bc + ca) +1 =a+b+c. With the previous 
identities we can obtain 
a+b? +c? =(a+b+c)? —2(ab+ be + ca) 
= (a+6+¢)? —2(a+6+¢-1) 

=(a+b+c-1)?41, 


therefore 
+h+e=(atb+ce—-1) +1. 


Part (ii) can be proved depending on how we prove part (i). For instance, if 
we used the second form, the equality holds when a? +b?+c¢? = 1 anda+b+c=1. 
(In the first form, the equality holds when xyz = 1 and xy + yz + zx = 3). From 
the equations we can cancel out one variable, for instance c (and since c = 1—a—b, 
if we find that a and b are rational numbers, then c will be a rational number too), 
to obtain a? + b? +ab—a—b= 0, an identity that we can think of as a quadratic 
1l—a+,/(1—a)(1+3a) 

2 


equation in the variable b with roots b = , which will be rational 
numbers if (1 — a) and (1 + 3a) are squares of rational numbers. If a = +, then 
m—k and m +3k are squares of integers, for instance, if m = (k — 1)? + k, then 
m—k = (k—1)? and m+ 3k = (k +1)?. Thus, the rational numbers a = &, 
b= moktkP1 and c = 1—a—b, when k varies in the integer numbers, are rational 
numbers where the equality holds. There are some exceptions, that is, when k = 0, 


1, since the values a = 0 or 1 are not allowed. 


Notation 


exp x = e” 


Deepa f(a, b, ceca 


We use the following standard notation: 


the positive integers (natural numbers) 

the real numbers 

the positive real numbers 

iff, if and only if 

implies 

the element a belongs to the set A 

A is a subset of B 

the absolute value of the real number x 

the fractional part of the real number x 

the integer part of the real number x 

the set of real numbers x such that a < «2 <b 
the set of real numbers x such that a <a <b 
the function f defined in [a,b] with values in R 
the derivative of the function f(z) 

the second derivative of the function f(z) 

the determinant of the matrix A 

the sum a, + a2 +---+@y 

the product a, -a2--- dn 

the product of all a1, a2,...,an except a; 

the maximum value between a, b,... 

the minimum value between a, b,... 

the square root of the positive real number x 
the n-th root of the real number x 

the exponential function 

represents the sum of the function f evaluated 
in all cyclic permutations of the variables a, },... 
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We use the following notation for the section of Muirhead’s theorem: 


y F(a1,...,%n) the sum of the n! terms obtained from evaluating F' in 


all possible permutations of (a1,...,2n) 
0) is majorized by (a) 


by a? a1 a2 
aie xy pe ys a a 


We use the following geometric notation: 


A,B,C 
a,b,c 

A’, B',C’ 
ZABC 

ZA 

(ABC) 
(ABCD...) 
Ma,Mb,Me 
ha, ho, Ne 
la; lo, l 

8 

r 


R 
1,0,H,G 


Ta, lp, I. 


the vertices of the triangle ABC 

the lengths of the sides of the triangle ABC’ 

the midpoints of the sides BC,CA and AB 

the angle ABC 

the angle in the vertex A or the measure of the angle A 
the area of the triangle ABC 

the area of the polygon ABCD... 

the lengths of the medians of the triangle ABC 

the lengths of the altitudes of the triangle ABC 

the lengths of the internal bisectors of the triangle ABC 
the semiperimeter of the triangle ABC 

the inradius of the triangle ABC, the radius of the incircle 
the circumradius of the triangle ABC, the radius of the 
circumcircle 

the incenter, circumcenter, orthocenter and centroid 

of the triangle ABC 

the centers of the excircles of the triangle ABC. 


We use the following notation for reference of problems: 


IMO 
APMO 
(country, year) 


International Mathematical Olympiad 
Asian Pacific Mathematical Olympiad 
problem corresponding to the mathematical olympiad 
celebrated in that country, in that year, in some stage. 
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helpful, 34 


Jensen, 21 
Leibniz, 69 
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Popoviciu, 32 
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theorem, 68 
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